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Abstract 

We study implications of AA = 4 superconformal symmetry in three dimensions, 
thus extending our earlier results in arXiv: 1503.04961 devoted to the M < 3 cases. 
We show that the three-point function of the supercurrent in AA = 4 superconformal 
field theories contains two linearly independent forms. However, only one of these 
structures contributes to the three-point function of the energy-momentum tensor 
and the other one is present in those AA = 4 superconformal theories which are not 
invariant under the mirror map. We point out that general AA = 4 superconformal 
field theories admit two inequivalent flavour current multiplets and show that the 
three-point function of each of them is determined by one tensor structure. As an 
example, we compute the two- and three-point functions of the conserved currents in 
AA = 4 superconformal models of free hypermultiplets. We also derive the universal 
relations between the coefficients appearing in the two- and three-point correlators 
of the supercurrent and flavour current multiplets in all superconformal theories 
with AA < 4 supersymmetry. Our derivation is based on the use of Ward identities 
in conjunction with superspace reduction techniques. 
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1 Introduction 


In our recent work [T], the two- and three-point correlation functions of the super¬ 
current and flavour current multiplets have been computed for three-dimensional (3D) 
AA-extended superconformal held theories with 1 < TV < 3. Here we extend the anal¬ 
ysis of |1] to the A/" = 4 case. We also study the reduction of correlation functions in 
AA-extended superconformal held theory to (A/" — l)-extended superspace. 

In two dimensions, J\f = 3 supersymmetry automatically implies A/^ = 4 [21 |3] for 
nonlinear cx-modelsli] What about three dimensions? As far as the supersymmetric non¬ 
linear cr-models are concerned, 3D J\f = 3 supersymmetry again implies J\f = 4. Indeed, 
the proof given in [2113] remains valid in three dimensions. Moreover, oh-shell A/" = 3 
supersymmetric a-models can be shown to possess oh-shell A/" = 4 supersymmetry [1|. 
Analogous results hold for A/" = 3 super Yang-Mills theories with matter [5] . However, a 
rather counter-intuitive situation occurs with parity odd Chern-Simons terms. The A/" = 3 
Chern-Simons actioE§| exists for any gauge group mmn- On the other hand, it is well 
known that no A/" = 4 supersymmetric Chern-Simons action can be constructed (for a 
recent proof, see 0 ). although abelian Af = 4 BF couplings are abundant [lOj . 

The i?-symmetry group is (locally isomorphic to) SU(2) in A/" = 3 supersymmetry 
and SU(2 )l x SU(2)r for J\f = 4. This diherence implies that there are two inequivalent 
Af = 4 gauge multiplets [TOl [TTl [T21 and two inequivalent Af = 4 hypermultiplets [HI [T2] . 
as compared with a single vector multiplet and a single hypermultiplet in AA = 3 super- 
symmetry. The inequivalent Af = 4 vector multiplets obey diherent oh-shell constraints 
and transform in diherent remesentations of the i?-symmetry group, and similarly for the 
inequivalent hypermultipletso 

The doubling of gauge and matter multiplets in AA = 4 supersymmetry has impor¬ 
tant implications on the structure of AA = 4 superconformal held theory. First of all, 
there are two inequivalent Af = 4 havour current multiplets whereas there is only one 
in superconformal models with Af = 1,2,3 supersymmetry which were considered in [T]. 

^The proof given in mM is as follows. It is known that W-extended supersymmetry requires the 
existence of Af — 1 anti-commuting complex structures for the cr-model target space. In the case Af = 3, 
the target space has two such structures, / and J. Their product, AT := / J, is a third complex structure 
which anti-commutes with I and J, and therefore the cr-model is Af = 4 supersymmetric. 

^The Af = 3 Chern-Simons action was constructed for the first time by Zupnik and Hetselius [6] in 3D 
Af = 3 harmonic superspace, and several years later it was re-discovered [Tj |8] at the component level. 

^The inequivalent vector multiplets and hypermultiplets can be described in terms of superfields that 
are defined on two different supersymmetric subspaces of the Af = 4 harmonic superspace [III II2j . 


3 



Secondly, we will demonstrate that the three-point fnnction of the A/" = 4 snpercnrrent 
has two independent strnctnres, as compared with a single strnctnre in the M = 1,2,3 
cases stndied in [1]. 

The zoo of TV = 4 snperconformal held theories in three dimensions is pretty large. 
The trivial examples of snch theories are provided by models of free hypermnltiplets. More 
interesting are interacting models of hypermnltiplets conpled to vector mnltiplets, with BF 
conplings for the vector mnltiplets. The non-abelian jV = 4 snperconformal held theories 
include the Gaiotto-Witten models [13] and their generalisations [H]. For all abelian 
A/" = 4 snperconformal held theories, there exist oh-shell realisations. As concerns the 
non-abelian A/" = 4 snperconformal theories proposed in HSlllll, it is not yet known how 
to formulate them in A/" = 4 superspace, which is an interesting open problem. There 
also exist Chern-Simons-matter theories with AT = 6 [151 UHl IH] and Af = S [TH HH |2^ 
snperconformal symmetry. The correlation functions of certain conserved currents in these 
theories can be studied using the A/" = 4 superheld methods developed in the present 
paper. 

This paper is organised as follows. In section 2 we give a brief review of the su- 
perconformal building blocks for the two- and three-point correlation functions in 3D 
AA-extended superspace following the conventions and notation used in p. We also elab¬ 
orate on those properties of the building blocks which are specihc to the Af = 3 and 
AA = 4 cases. In section 3 we develop a new representation for the correlation functions 
of the Af = 3 flavour current mnltiplets originally computed in p. This representation 
allows us to easily upgrade the Af = 3 flavour current correlators to the A/" = 4 ones 
which are derived in section 4. Here we also construct two- and three-point functions 
of the Af = 4: snpercnrrent and demonstrate that the latter involves two independent 
tensor structures which distinguish the Af = 4 snpercnrrent correlators from those in the 
Af = 1, 2, 3 cases. In section 5 we consider a particular example of A/" = 4 snperconformal 
held theories given by the model of free Af = 4 hypermnltiplets for which we explicitly 
compute the correlation functions of the snpercnrrent and the Favour current mnltiplets. 
For this model we hnd important relations between the coefficients in the two- and three- 
point functions which are interpreted as the manifestations of Ward identities for these 
correlators. We argue that though these relations between the coefficients are found for 
the particular model of free hypermnltiplets, they hold for generic Af = 4 snperconformal 
held theories as well. Section 6 is devoted to the derivation of the Ward identities for the 
1 < Af < 4 Favour current mnltiplets. In section 7 we uncover various relations between 
the coefficients in the two-point and three-point functions both for the supercurrents and 
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flavour current multiplets for all A/" < 4. Finally, in section 8 we discuss the results and 
some open problems. 

The main body of the paper is accompanied by three technical appendices. Appendix 
A is devoted to a brief review of 3D off-shell A/^ = 4 multiplets. In appendix B we use 
the 3D A/" = 4 harmonic superspace approach to derive a new representation for the 
hypermultiplet propagator which is important in studying the implications of the Ward 
identity for the correlation functions of the AA = 4 flavour current multiplets. In appendix 
C we collect some details of the reduction of the A/" = 4 correlation functions computed 
in this paper to the J\f = 3 and J\f = 2 superspaces. 

2 Superconformal building blocks 

This section contains a brief summary of those results in [T] which are necessary for 
our subsequent analysis. In addition, we elaborate on specihc technical features of the 
A/" = 3 and A/" = 4 cases. 

2.1 Superconformal transformations and primary superfields 

Consider AA-extended Minkowski superspace parametrised by real bosonic (a;“) 

and fermionic {df) coordinates 

= (a;“,0"), a = 0,1, 2, a = 1,2, / = 1,...,AA. 

Here the indices ‘a’ and ‘a’ are Lorentz and spinor ones, respectively, while ‘J’ is the 
/^-symmetry index. The 3D AA-extended superconformal group OSp(A/'|4;M) cannot be 
realised to act by smooth transformations on However, a transitive action of 

OSp(A/'|4; M) is naturally dehned on the so-called compactihed Minkowski superspace 
IV[[3|2Ar -which is embedded as a dense open domain |1]. In general, only inhnites- 

imal superconformal transformations are well dehned on Such a transformation 

^ + i^?iz)e^iir)ap , ( 2 . 1 ) 

is associated with an even real supervector held on , 
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which obeys the equation [(^, D^] oc All solutions of this equation are called the con¬ 
formal Killing supervector fields of Minkowski superspace. They span a Lie superalgebra 
(with respect to the standard Lie bracket [^i, ^ 2 ]) that is isomorphic to the superconformal 
algebra osp(A/’|4;M). 

Explicit expressions for the components of the most general conformal 

Killing supervector held are given by eq. (4.4) in pQ. Equivalent results were derived 
earlier by Park [2l] and later in [1]. In the present paper, we will not need these explicit 
expressions. For our analysis, it suffices to use the relation 

ic Di] = -(Diej)Dj = \J{z)Dl, + A"(z)Di - . (2.3) 

Here the superheld parameters on the right are expressed in terms of as follows: 

Kd--) ^, (r(z) = . (2.4) 

One may think of Xapiz), and a{z) as the parameters of special local Lorentz, 

/^-symmetry and scale transformations, respectively, due to their action on the covariant 
derivative given by fl2.3p . The same interpretation is supported by the explicit expressions 
for Xai 3 {z), K^'^[z) and a(z) as polynomials in 2 ;"^: 

A“/^(z) = - ^b^^e]ei^ + 2ipf , (2.5a) 

Aij{z) = Ajj + 4ip[}6'j]„ 2iho,p6^e^j , (2.5b) 

a{z) = a + + 2\9'}rjia ■ (2.5c) 

Here the constant parameters Xap, A^"^ and a correspond to the Lorentz, i?-symmetry and 
scale transformations from 0Sp(A/'|4; M), while 5"^ and r]ja generate the special conformal 
and S'-supersymmetry transformations. 

It is the ^-dependent parameters fl2.4l) which appear, along with ^ itself, in the super¬ 
conformal transformation lav0 of a primary tensor superheld of dimension q 

- ga(z)4>^ + X-^{z){M^pU^^l + . (2.6) 

Here <I>^ is assumed to transform in some representations of the Lorentz and /^-symmetry 
groups with respect to its indices ‘M’ and ‘X’, respectively. The matrices Map and 
in fl2.6p are the Lorentz and SO (A/") generators, respectively. It should be mentioned 

"^The transformation law (12.6p is a 3D super-extension of the Mack-Salam construction |22) . 
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that the i?-symmetry subgroup of OSp(A/'|4;R) is 0{Af). In what follows, its connected 
component of the identity, SO{J\f), will be referred to as the i?-symmetry group. 

Consider a correlation function {<hi( 2 ri)... <h„( 2 ;„)) of several primary superhelds d*!, 
(with their indices suppressed) that originate in some super conformal field theory. 
In terms of this correlation function, the statement of super conformal invariance is 


n 



(2.7) 


k=l 


2.2 Two-point functions 

In ordinary conformal field theory in d dimensions, a comprehensive discussion of 
the building blocks for the two- and three-point correlation functions of primary helds 
was given by Osborn and Petkou [23] who built on the earlier works by Mack [23] and 
others [231 [2S1 EH ESI 122]. Their analysis was extended to superconformal field theories 
formulated in superspace by Osborn and Park [301 Ell E2l l2Tj . 

In the case of 3D superconformal field theories, the building blocks for the two- and 
three-point correlation functions were derived first in [21] using the coset construction 
for OSp(7\/^|4; M) and more recently in [T] using the supertwistor approach. All building 
blocks are composed of the following two-point structures: 


^12 = - i0“2/^u 

= (^1 - d2Ti • 


121^121 1 


(2.8a) 

(2.8b) 


The former transforms homogeneously at Zi and Z 2 -i 



while the latter involves an inhomogeneous piece in its transformation law. 



with 'rjja{z) := —■^D^a{z) = rjia — ba/sOj. Here the variation S is defined to act on an 
arbitrary n-point function 0(zi ,..., Zn) by the rule 


n 



( 2 . 10 ) 
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As follows from fl2.6p . each primary superfield is determined by the following data: 
(i) its dimension g; (ii) the representation T of the Lorentz group to which $ belongs; 
and (hi) the representation D of SO (A/") in which $ transforms. There are three building 
blocks, which are descendants of (12.81) and which take care of the above data in the 
correlation functions of primary superhelds. 

Firstly, using fl2.8ap we dehne the scalar two-point function 

3 ^ 12 ^ := ( 2 . 11 ) 

with the transformation law 

Sxi2‘^ = (^a{zi) + a{z2)^xi2‘^ . ( 2 . 12 ) 


In general, the correlation functions contain multiplicative factors proportional to powers 
of Xi 2 ^ in such a way as to guarantee the right scaling properties. 

Secondly, the Lorentz structure of the primary helds in correlation functions is taken 
care of by the 2x2 matrix 


Xl2 

Xto := — , , 

where we have used the matrix notation Xi 2 
law is 


(^* 12 )^ = I 2 , (2.13) 

{x'^ 2 ) 3'iicl e = {Sajs)- Its transformation 


<^*12^ = -^“7(2:1) ^12 - *?2 A7^(^2) • 


(2.14) 


Thirdly, the SO (A/") structure of the primary helds in correlation functions is taken 
care of by the M x M matrix 

U 12 = {u{i) , u{i = 5^-^ + , (2-15) 

where 

(^rlU = (2.16) 

Xl2^ 

is the inverse for (a;i 2 )“^, that is (a? 12 ^)a/ 3 ( 3 ^ 12 )^"’’ = ^2- One may check that the matrix 
Mi 2 is orthogonal and unimodular, 

m72“i2 = Iat , detMi 2 = l. (2-17) 


5u{i = A^^{z,)u^2 '-u{^A^\z2) . 
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(2.18) 


It follows from fl2.9p that 









The above properties provide the rationale why u {2 naturally arises in correlation func¬ 
tions of primary superfields with S0(7\^) indices. 

The two-point correlation function of the primary superfield and its conjugate 
is fixed by the super conformal symmetry up to a single coefficient c and has the form 

TA’^{£X^ 2 )D^jiUl 2 ) 


= C- 


(2.19) 


provided the representations T and D are irreducible. The denominator in fl2.19p is fixed 
by the dimension of $. 

Before turning to three-point building blocks, it should be pointed out that the two- 
point structure defined by fl2.8ap has the following symmetry property 


_ 

•^21 ~ 


-X 


pa 

12 


It can be decomposed into its symmetric and antisymmetric parts, 


*12 ~ *12 


+ -£“^012^ , 
2 


( 2 . 20 ) 


( 2 . 21 ) 


where 


012 ^ ;= e^2A2Ia , 1 = [x^ - X2T^ + ■ ( 2 . 22 ) 

As is seen from (I2.9ap . the two-point structure x^^ does not transform homogeneously, 
unlike However, in practice it is often useful to deal with for concrete calculations. 


2.3 Three-point functions 

Associated with three superspace points zi, and Z 3 are the following three-point 
structures: 


,-ii 




— (X 21 )a'y^23(^13 5 

= (x^2l)aP^12 ~ (^3l)aP^13 ’ 


©L 


'-12 “23 '^31 


They transform as tensors at the point Zi 

^^lap = •^«^(^l)A^l7/3 + p{zi) — (T(Zi)Xiq,^ , 

?e;„ = - \sJaA)\ e;^ + A"(^i)ei'„, 

mp = k"pzi)up^ - ui'A’^pz,). 


(2.23a) 

(2.23b) 

(2.23c) 


(2.24a) 

(2.24b) 

(2.24c) 
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These objects have many properties resembling those of the two-point functions. In 
particular, the tensor fl2.23ap can be decomposed into symmetric and antisymmetric parts 
similar to fl 2 . 2 ip . 


^ lafj 1 


(2.25) 


where the symmetric spinor Xi^js = Xi^q, is equivalently represented as a three-vector 
Xim = 

Next, the matrix fl2.23cp can be expressed in terms of f|2.23ap and fl2.23bp similarly to 

(Els]): 

p/ vP°‘piJ 


U(^ = 6 ^^ + 2 iQ{^{X^Y^Q(p = 5^^ - 2 i 


'ip 


Xp 


(2.26) 


The matrix Ui = {U(‘^) is orthogonal and unimodular. 

We point out that in fl2.23|) we have defined the three-point structures which transform 
as tensors at the point zi. Performing cyclic permutations of the superspace points zi, Z 2 
and Z 3 in fl2.23p one obtains similar objects which transform as tensors at the superspace 
points Z 2 and Z 3 . The three-point structures at different superspace points are related to 
each other as follows 

-a/3 

2 , (2.27a) 

= ulieif,, (2.27b) 

P" = ■ (2.27c) 


vOip 

ao' V ~/3'/3 ( - 3 ^ —l\/3o ^ 1 

^13 X3a>p'X^^ — (A;^ ) — j^^2 ’ 


Various primary superhelds, including the supercurrent, obey certain differential con¬ 
straints. In order to take into account these constraints in correlation functions, we need 
rules to evaluate covariant derivatives of the variables fl2.23ap and fl2.23bp and also those 
obtained from them by cyclic permutations of the superspace points zi, Z 2 and Z 3 . Given 
a function /(X 3 , © 3 ), one can prove the following differential identities: 


Dp/(X3,e3) = i(xA-,>‘23e/Sf(Xs,Os ). 

where we have introduced the operators 


-r,/ _ ^ , • m qJ/3 ^ 

de^j ^ ^ dX^ 


2(3)« = ©3 


d 


m r^iP 


d 


dX^ 


(2.28a) 

(2.28b) 


(2.29) 


Let $, T and If be primary superhelds (with indices suppressed) of dimensions gi, 
q 2 and ^ 3 , respectively. The three-point correlation function for these superhelds can be 
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found with the use of the ansatz 


(«>5.(^i)'i'A(^2)n5.(^s)) 


(a;i32)'/i(a;23^)'^" 

x-ffal'J(^s.e3,t;3), (2.30) 


where is a tensor constructed in terms of the three-point functions fl2.23p . The 

functional form of this tensor is highly constrained by the following conditions: 


(i) It should obey the scaling property 

AS, U) = e, U) (2.31) 

in order for the correlation function to have the correct transformation law under 
the superconformal group. 

(ii) When some of the superhelds <h, T and 11 obey differential equations such as the 

conservation conditions of conserved current multiplets, the tensor is con¬ 

strained by certain differential equations as well. In deriving such equations the 
identities fl2.28p may be useful. 

(hi) When two of the superhelds <I>, T and II (or all of them) coincide, the tensor H 
should obey certain constraints originating from the symmetry under permutations 
of the superhelds, e.g. 

{•I>^(3l)-I>5(32)nJ(33)) = (-1)‘<*'(-I>5(32)-I>^(3l)nj(33)) , (2.32) 

where e(<I>) is the Grassmann parity of . 

These constraints hx the functional form of the tensor H (and, hence, the three-point 
correlation function) up to a few arbitrary constants. 


2.4 Specific features of the J\f = 3 case 


An important feature of the J\f = 3 case is that the /^-symmetry group SO(3) is related 
to SU(2) by the isomorphism SO(3) = SU(2)/Z2. This isomorphism makes it possible to 
convert the SO(3) index of every isovector Zj into a pair of isospinor ones. 


Zj —>■ Zi' 




a 


y = Zj{ti), 


Z,^ = 0 


(2.33) 


11 







with a the Pauli matrices|j 

The isospinor indices will be raised and lowered using the SU(2) invariant antisym¬ 
metric tensors Sij and (normalised as = £21 = !)■ The rules for raising and lowering 
the isospinor indices are 


-0® = e®^^^ , . (2.34) 

In particular, associated with the matrices (r)d, eq. fl2.33p . are the symmetric matrices 
and {tjY^ = (t/)-^® which are related to each other by complex conjugation: 

etr = inf ■ (2-35) 

If Aj and Bj are SO(3) vectors and Aij and Bij are the associated symmetric isotensors, 
then 


Ai = A,,{tiY^ , AjBj = A,B^^ , 


(2.36) 


in accordance with the identities 

1 . 1 • 1 
= —-^^IJk{tk)Y — -^SjjSY , {Ti)ij{Tj)kl = +SilSjk) ■ (2.37) 

Given an antisymmetric second-rank SO(3) tensor, for its counterpart with 

isospinor indices = —A*^^®-^ = A'^‘^(r/)*-^(rj)^' we have 


A^'^ = -A 


ji 


A^-^(r/)®^'(rj)^' = -£^'A®^ - £®^A^'' , A®^' = A^ . (2.38) 


Applying the above conversion to the Grassmann coordinates and the spinor co¬ 
variant derivatives gives 

= eunY ,, DY = {nywi , ( 2 . 39 ) 

and similarly for the two- and tree-point functions fl2.8bp and fl2.23bp 

, ©ii = inr&L • (2.40) 

The covariant derivatives DY obey the anti-commutation relation 

{D^0Dj'} = -2i£®(V)^a«^ . (2.41) 

®Our definition of the r-matrices agrees with the one adopted in [4]. 
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In terms of the superspace coordinates the explicit realisation of the co¬ 

variant derivatives is 


d 


= 

“ 86: 




OijS 




(2.42) 


The isomorphism SO(3) = SU(2)/Z2 implies that associated with the orthogonal uni- 
modular matrix given by fl2.15p is a unique, up to sign, unitary and unimodular matrix 


u */2 such that 


{Tiy"'{rjy^'uii = ^(u/2u;2^' +u;2^u*/2) • 


The matrix \il 2 can be chosen as 


u/2 = - 1 


nik 

i. .'^120-^12'^12fc/3 , J- j,' C'12 

— ’--h —S 


1 ^ 


012 ^ {612 (^12aij)^ 


(2.43) 


(2.44) 


(2.45) 


Xr2‘ » Xr2‘ 

It is easy to check that fl2.44p is indeed unitary and unimodular, 

UI 2 U 12 = I 2 , det U 12 = 1 , 

and obeys the equation fl2.43p with given by fl2.15p . 

The transformation law of the orthogonal matrix U 12 , eq. fl2.18p . has the following 
counterpart in terms of the unitary matrix U 12 : 

M 2 = + ul 2 Ai(z 2 ) • 


(2.46) 


Here the symmetric matrix A^^{z) with isospinor indices is related to the antisymmetric 
matrix with isovector indices, eq. fl2.4p . according to the general rule fl2.38l) . 

Let us introduce one more 2x2 matrix by the rule 


ni2 = 


u 


12 




oik 

. ^12a-^12 ^12kl3 


(2.47) 

X 12 X 12 a;i 2 '" 

The second expression for ?t ,*/2 i® given in terms of the symmetric part of given by 
fl2.22p . It may be shown that the two-point function fl2.47|) obeys the analyticity condition 


=0 . 


(2.48) 


This is why 11^2 appears in the correlation functions of A/" = 3 flavour current multiplets. 
Similarly to fl2.43p . we can represent fl2.26p as 


(r)f (r)y'f//" = 2 Wuf + Uf^uf) , 


(2.49) 
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where we have introduced the matrix 


uf = + ie“ , (2.50) 

which can be expressed as a product of three two-point functions fl2.44p 

uy = -uf2U23fc;u|/i . (2.51) 

As a consequence, the transformation law fl2.46p implies 

SV‘> = Ai(zi)U? + UfAi(ji) . (2.52) 


By analogy with fl2.47p we introduce the matrix 

TVfij _ — __ _ • ^lfc/3 

^ “ Xi “ ATi ' Xi3 

which obeys the analyticity condition 

p(P ^k)l ^ Q 
(l)a J- ’ 

where the derivative is related to fl2.29p by the rule (12.3911 . 


(2.53) 


(2.54) 


Here we have only considered the thee-point functions fl2.50p and fl2.53p which trans¬ 
form as tensors at Zi. Performing cyclic permutations of the superspace points Zi, Z 2 and 
Z 3 leads to similar objects which transform as tensors at Z 2 and Z 3 . 


2.5 Specific features of the Af = 4 case 


In the case of TV = 4 supersymmetry, the i?-symmetry group SO (4) possesses the 
isomorphism S0(4) = (SU(2)l x SU(^r)/Z 2 which can be used to convert each S0(4) 
vector index into a pair of SU(2) onesj® 




(2.55) 


The index ‘J’ is an S0(4) vector one, while the indices ‘i’ and ‘P are, respectively, SU(2 )l 
and SU(2 )r spinor indices. Given SU(2 )l and SU(2 )r spinors and xp respectively, we 
will raise and lower their indices by using the antisymmetric tensors and 

(normalised by = £21 = = ^21 = 1) according to the rules: 


, A = , X* = , Xi = 


(2.56) 


^Our definition of the r-matrices agrees with the one used in [4] and differs from that adopted in 
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The complex conjugation acts on the r-matrices as 


= {riT" = . (2.57) 

The r-matrices have the following properties: 

{ni)ij{rj)y^ = , (r/)-(r-^) - = EijE-j . (2.58) 

The conversion from SO(4) to SU( 2 ) indices works as follows. Associated with an 
SO(4) vector Aj is the second-rank isospinor Af- defined by 

Ar=(Ti).T ^ V = (T,rM«, (2.59) 

such that 

AiB^ = . (2.60) 

Given an antisymmetric second-rank SO(4) tensor, Ajj = —Ajj, its counterpart with 
isospinor indices, Aij{t^)^i{t'^)---, can be decomposed as 

Aij = -Aji —)■ Aij{t^)^{t'^)-~- = EijA-fj + Ej-jAij , Aij = Aji , Ajj = Aj- . (2.61a) 

We also have 

Aij{T^f{T-^y'^ = - E^jy^. ( 2 . 61 b) 

Applying the conversion rule to the Grassmann variables 9^^ and covariant derivatives 
gives 9^^ = and respectively. For the two- and tree-point 

functions fl2.8bp and fl2.23bp . the same rule gives 6 *^ 2 ^ = {TiY^9{2a and = (r/)“0{„. 

The covariant derivatives satisfy the anti-commutation relations 

{DtD^l} = 2iy^E^^d^p . (2.62) 

In terms of the superspace coordinates = (a;“,0"|'), the explicit realisation of the co¬ 
variant derivatives is 

+ (2.63) 

Due to the isomorphism SO(4) = (SU(2 )l x SU( 2 )r)/Z 2 , the orthogonal matrix 
given by fl2.15p is equivalent to a pair of SU( 2 ) matrices u */2 ^12 constrained by 

u{i{riY\rjY^ = U/ 2 U /2 • (2-64) 
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The solution to this equation is 


u /2 = 






X 12 " 


+ 


12 


8 0:122 8 0 : 12 '^ 


. Qki apoj n 
1 ^12 


12/3^" ^ 1 e^Wi2^ 


8 0 : 12 ^ ' 128 xi2^ ’ 


u /2 = - 1 


A2Xi2 0i2pk le^'^012^ \e^\2 


2 ^ 12 " 


8 X 122 8 0 : 12 '' 


'12a-^12 ^12pk 
8 0 : 12 '^ 

where we have used the notation 


i0f2aA2 0{2Bk012^ . 1 £*^'^12® 

128 a;i 2 ^ ’ 


+ 


= (e^-eir = , 


Both matrices (I2.65p are unitary and unimodular, in particular it holds that 

ij _ ci 

Ui2Ui2A:j — Oj^ , 


< 2 Ul 2 fci = ■ 


(2.65a) 


(2.65b) 


( 2 . 66 a) 

( 2 . 66 b) 


(2.67) 


Note also that the expressions fl2.65p are defined by the equation fl2.64p uniquely, up to 
an overall sign which we fix as in 02.651) for further convenience. 

The transformation law 02.18P implies that the matrices u */2 u */2 defined by 02.64|) 

vary under the infinitesimal superconformal transformations as isospinors at Zi and Z 2 , 


<^<2 = + Ul2^i(^2) , ^<2 = AU^l)Ui^ + uf2Al(^2) , 


kj 


where A^^{z) and A^^{z) are constructed from A^'^{z) by the rule 02.611) . 
Let us define the following matrices: 


ij _ ^12 _ 


£ 




n{2 = 




X 12 




ij 1^12 

ni2 = -= 


3^12 

e 

X 12 


Xl2^ 


+ 


1 

8 Xi2^ 


^ Ayi20{2fik le^^et 


12 


X12 Xi2 a;i2^ 8 Xi2^ 

Similarly to 02.48p . these matrices obey the analyticity conditions 

D|'-„ng' = 0 , = 0 . 


( 2 . 68 ) 


(2.69a) 

(2.69b) 


(2.70) 
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By analogy with the two-point fnnctions fl2.64|] . we introdnce three-point matrices 
with SU(2) indices 

= ufuf, 


(2.71) 


which have the following explicit form 








xp 


8 Xi^ 


i ef* xr^0{^-^ ^ 1 


Xi^ 


128 Xi^ 


(2.72a) 


U*/ = - i 




Xp 


xp 


Xi^ 




Xi^ 


128 Xi^ 


(2.72b) 


Here the composites 0“^ and 0^ are defined by the same rnles as in (I2.66p . By constrnction, 
the matrices (I2.72p transform as tensors at the snperspace point zi 


iU? = + Uf Ai(ji) , = Al(z,)Uf + Uf Al(ji) . 


kj 


(2.73) 


It is possible to check that the matrices (I2.72p can be expressed as prodncts of three 
matrices of the type fl2.65p 


Ul^ = -ul2U23fcZU3\ , U;-^ = -ufgU, 


^ik , 


23A:t^31 • 


(2.74) 


The three-point analogs of fl2.69p are 


U*/ 




= __ ^ 

^ Xi Xi Xi3 8 Xi5 

g _ H! _ _p _ 

' X, A'l ‘ A'l^ 8 xy ' 

These matrices are analytic with respect to the spinor derivatives 02.291) 

ivf)' = 0, = 0. 

(Ija 1 ’ ( 1 )^ 


(2.75a) 

(2.75b) 

(2.76) 


In this section we considered only the three-point fnnctions which transform as tensors 
at the snperspace point Zi. It is straightforward to obtain the analogs of these objects 
transforming covariantly at Z 2 and Z 3 by permnting the snperspace points. 


17 






























The two- and three-point snperconformal bnilding blocks constructed above are very 
similar to the J\f = 3 ones given in the previous subsection. This is not accidental. It 
turns out that the latter can be found from the former by applying the J\f = 4 ^ J\f = 3 
superspace reduction. Indeed, when we switch off one of the four Grassmann variables 6i 
at each superspace point, say 6*4 = 0, the expressions 02.651) prove to coincide with 02.441) . 

ij I _ ij I _ ij /Q '7'7'\ 

^12(Ar=4) 1^4=0 — ^12(A^=4) 1^4=0 — ^12(A^=3) ' 'J 

Here we have attached extra subscripts, {M = 4) and {M = 3), to the two-point functions 
to distinguish them. We usually omit these labels if no confusion occurs. For the three- 
point functions O2.50p and 02.721) we have similar relations 

= U'h.4)l»4.o = yV-s) ■ (2-78) 

The superspace reduction rules 02.771) and 02.781) will be important below when we turn 
to studying the correlators of the J\f = 3 and A/" = 4 flavour current multiplets. 


3 Correlation functions for the Af = 3 flavour current 
multiplets revisited 


Here we obtain a new representation for the correlation functions of the W = 3 flavour 
current multiplets computed in [1]. Such a representation will be more convenient for 
comparison of the W = 3 correlators with A/" = 4 ones. 

As discussed in [ 1 ], the M = 3 flavour current multiplet is described by a primary 
isovector superheld of dimension 1 , which is subject to the conservation equation 

= 0 . (3.1) 

o 

Its snperconformal transformation law is 

5L^ = - a{z)L^ + A^'\z)L-^ . (3.2) 


The dimension of is uniquely hxed by requiring the constraint fl3.ip to be invariant 
under the snperconformal transformations. 


Consider an A/" = 3 snperconformal held theory possessing n havour current multiplets 
a = 1,..., n. Their two- and three-point functions were found in |1] to be 


{V\zr)L-’\z2)) = aM=3 


u 


IJ sab 
12^ 




{L^%z,)L'^\z,)L^%Zs)) = bM=^r 


Kc( 


II' II' 
-ab-c Uji Uji 

*13^*23^ 


i7^'^'^(X3,03 


(3.3) 

(3.4) 
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where 




1 

X L 


JJK 




LJ^LIK 


_^ r^IJ KMNjjMN 

16^ 

I ^fjjIJ KMNjjMN 
16^ 


^IMNjjMNjjKJ 
^IK^JMNjjMN 


^JMNjjMNjjIK 
_|_ ^JK^IMNjjMN-^ 


(3.5) 


In fl3.4l) . denotes the completely antisymmetric structure constants of the Lie algebra 
of the flavour group which is assumed to be simple. The tensor in fl3.5p is expressed 

in terms of the orthogonal matrix fl2.26p . The correlation functions fl3.3p and fl3.4p are 
fixed by the superconformal symmetry and the conservation condition up to arbitrary 
coefficients 0^=3 and 67 ^= 3 . 

We now switch to the SU(2) notation, U —)■ , in accordance with the 

rules introduced in subsection 12.41 Then, the conservation equation fl3.ip turns into the 
analyticity condition 


= 0 , 

and the superconformal transformation fl3.2l) takes the form 

SU’ = - a(z)L‘’ + 2 \l(z)L’* . 


(3.6) 


(3.7) 


Here the symmetric matrix A®'^(z) with isospinor indices is related to the antisymmetric 
matrix with isovector indices, eq. fl2.4p . according to the general rule fl2.38|) . 


Using the relation (12.4311 between the two-point building blocks with S0(3) and SU( 2 ) 
indices, for fl3.3p we immediately get 


aAr=3 + ^{ 2 ^%) 




3 ^ 12 " 


Contracting the three-point function (13.411 with three r-matrices leads to 


{V^%z^)L^^\z2)L^^%zs)) = b^r=sf 


-,-,33' -,-,kk\-,lV 

^^23 ^^23 jj 


®13^®23^ 


i'j'k’V 


(^3,03 


where 


J^ijklmn _ jj{ij){kl)(mn) _ [r{ tj)^\tH 


UK 


(3.8) 


(3.9) 

(3.10) 


In order to compute the right-hand side of (I3.10p . it is convenient to rewrite the 
expression (13. 5 p in the form 

^IJK ^IJ^KMNJ^MN ^IK^JMNj^MN ^JK^IMNJ^MN 

//'«'(x,e) = —+ --^5---^^5---^3-, (3.11) 
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where 

For the hrst term in the right-hand side of fl3.11l) we apply the identity 
e'JK = -^/2tr(T'T*T■') = -^/2r'T■i'i£'”V'■£"‘ . 

The other terms in fl3.1ip can be rewritten as 

^IJ^KMNj^MN _ ^IK^JMN j^MN _ ^KJ^IMN j^MN ^ _2^jl jJ jK ^mij^jl^kn 


(3.12) 


(3.13) 


(3.14) 


where 

Amn ^ ^mk^nl aIJ ir\mk \roL8r\n 

A = EklTj Tj A = A ^0^13 . 
In deriving (I3.14p . the following identity 


mn K M N a 
Tr t /i 


MN — — 


V2A^^ 


(3.15) 


(3.16) 


may be useful. Now, substituting fl3.13p and fl3.14p into fl3.10p we hnd 




kl mn 


1 /£"*(*£!) 65 ^)*^ g'm{ij^j)(l^k)n\ / ^n{i^j){l^k)m ^n{i ^k)m 

‘71 V V + V5 j “ 71 ( X V5 


(3.17) 

Finally, taking into account the explicit expression for A^^ given by fl3.15p . we note that the 
tensors in the parentheses in fl3.17p can be rewritten in terms of the matrix introduced 
in (1233]), 

© 3 ) = ^ . (3.18) 

We arrive at the final expression for the three-point function of the Af = 3 flavour current 
multiplets 


,zz' 

pabc ‘^13*^13 ^^23 ^^23 tt 

-riiui 


1 I ^k)n ^n{ijjj)b^k)m. 


Xi3‘^X23‘^ 




X 


+ 


i'j'k'i' t^ 3 ) 03 ) ) (3.19a) 

t)m \ 

(3.19b) 


X, 


Obviously, this three-point function possesses the correct superconformal properties since 
it is built out of the covariant two- and three-point objects introduced in subsection 12.41 

After using the identity (I2.28all . the conservation law fl3.6p implies the following equa¬ 
tion on the tensor 

jy{i'j'^ij)klmn ^ g _ 
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It is easy to see that fl3.18|) obeys this equation since the matrix is analytic fl2.54p . 
The three-point correlation function fl3.19ap must have the symmetry property 


= {L^^\z^)L^^~\z2)U^'\z^)) , (3.21) 


which implies the following constraint for the tensor 


i kl mn 


Hmn pq ^ ( mm' ^l^nn'^lZpr 


(X3,03 


(3.22) 


Using fl2.5ip one can check that fl3.19bp does satisfy this equation. 


Finally, we point out that the explicit form of the correlation function (I3.19p is analo¬ 
gous to the three-point correlator of flavour current multiplets in 4D M = 2 superconfor- 
mal theories [34] . 


4 Correlation functions of conserved J\f = ^ current 
multiplets 

In this section we compute the two- and three-point functions of the A/" = 4 supercur¬ 
rent and flavour current multiplets. 

4.1 Correlation functions of flavour current multiplets 

As discussed in [T], there are two inequivalent flavour current multiplets, and L(y, 
in = 4 super conformal held theories. They are described by primary SO (4) bivectors, 
= —Lj^i subject to the same conservation equation 

DlLf = fll'Lf - , (4,1) 

which implies that and have dimension 1. These operators possess the same 
superconformal transformation law 

6Li^ = - a{z)L'^ + 2A^[^(z)L^^ . (4.2) 

However, they have different algebraic properties, 

^.ijkllKL ^ ^ (4 3 ) 
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and thus and belong to inequivalent representations of S0(4). 

Let us convert the S0(4) indices of and into SU( 2 ) ones following the rules 
described in subsection 12.51 and specihcally eq. fl2.6ip . The (anti) self-duality conditions 
fl4.3p imply that 

{Tif{Tjy~^L^+^ = . (4.4) 

Here and are symmetric, and Since L^_y and have different 

algebraic properties, the conservation equation fl4.1|) leads to the two different analyticity 
conditions: 

jjXiLki) = 0 , (4.5a) 

DfiM) ^ g ^ 

where := {riY^Dy It follows from 04.21) and 04. 3 1) that the super conformal 

transformation laws of and are 

- a{z)U^ + 2 KI{z)U^^ , (4.6a) 

5lP = -ilP - a{z)l}'^ + 2kI{z)U^'^ , (4.6b) 

where A*-^(z) and A*-^(z) are constructed from A^'^(z) by the rule 02.611) . 

We emphasise that the flavour current multiplets and are completely inde¬ 
pendent and can be studied independently of each other. Since their properties are very 
similar, here we will consider in detail only the correlation functions for and comment 
on the correlators of at the end of this section. 

The properties of given by its conservation equation 04.5ap and super conformal 
transformation fl4.6aD are very similar to those of the A/" = 3 flavour current multiplet, 
eqs. fl3.6D and fl3.7p . This similarity is not accidental since there proves to exist a unique 
J\f = 3 flavour current multiplet associated with The former is 

obtained from the latter through the procedure ofA/' = 4^A/' = 3 superspace reduction 
which has been discussed in the literature in the cases of A/" = 4 Minkowski |5] and anti-de 
Sitter |35] superspaces (see also m)- As applied to it works as follows. For the 

Grassmann coordinates 9f of the A/" = 4 superspace, we make 3-1-1 splitting 0/ {9j, 9^) 

and then consider the 6 * 4 -independent component of It proves to be the desired 

M = 3 flavour current multiplet, 

L{Ar=3) = ^{jv=4)\s4=o ■ (4-7) 

^Here we have attached the labels (Af = 3) and (W = 4) to these superfields to distinguish them. 
Below, when no confusion is possible, these labels are omitted. 
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In fact, it is possible to define an inverse correspondence, L''(j\r= 4 )- Specifically, 

given an AA = 3 superfield subject to the constraint fl3.6p . there exists a unique 

AA = 4 superheld obeying the constraint fl4.5ap and related to by fl4.7p . 

This means that all components in the 6 ' 4 -expansion of can be restored from the 

lowest one given by 

The above simple observation appears crucial for hnding the correlation functions of 
the A/" = 4 flavour current multiplets. Indeed, the expressions fl3.8p and fl3.19p can be 
considered as the lowest components in the 04 -expansion of the corresponding correlators 
of the J\f = 4 flavour current multiplets. Moreover, the full information is encoded in these 
parts of the correlators since the higher-order corrections in 04 can be uniquely restored 
from these lowest components. 


Based on these observations, we propose the following ansatz for the correlation func¬ 
tions of several A 6 = 4 flavour current multiplets A*-^“, a = The two-point 

function is 





(4.8) 


while the three-point function reads 


W^’^lmn^X3,e3) 


bAf=Af 


abc 


IV 

^13 


^13 


kk' 

^23 





m(i UM^k)n 


+ 


ll> 

23 TT mnf v O, \ 

— J^i'j'k'l' l^3,c)3j ) 



(4.9a) 

(4.9b) 


The two- and three-point building blocks u */2 used in these expressions were 

introduced in subsection 12.51 Taking into account the relations (I2.77p and (I2.78p . it is 
clear that fl3.8p and fl3.19p are related to fl4.8p and fl4.9ap via the superspace reduction 
described above 


(i’,y.4,(*-.)i(A4)(*-2))l»..0 = (i;A3)(^l)i(A3)(^2)) , (4.10a) 

(i;A4|(^l)hA4|(^2)ijyi,(^3))|3..0 = (yA3)(^l)hA3|(^2)ijy4)(*3)) . (4.10b) 

Let us rewrite the correlation function fl4.8p in terms of the two-point matrix fl2.69al) 

{L«"(3i)L“‘( 32)) = + ngnfj) . (4.11) 

Then, owing to (I2.7np . it is obvious that (14.lip obeys the conservation condition 

IjiV^U3)-a^z,)L^^\z2)) = 0 (zi 7^ Z2) . (4.12) 
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In the same manner we express fl4.9bjl in terms of fl2.75al) 


and observe that 

jyi^{i'jjij)klmn^j^^ 0) = 0 , (4.14) 

as a consequence of fl2.76p . The equations fl4.12p and fl4.14p prove that the correlation 
functions of A/" = 4 flavour current multiplets constructed in (14.Sp and (14.9p do obey the 
necessary conservation laws. 

As concerns the correlation functions of the flavour current multiplets they have 
the same form as eqs. fl4.8p and fl4.9p but with the indices i,j,... replaced with i,j ... 
Note also that all mixed two- and and three-point correlators involving both and 
vanish. 


4.2 Correlation functions of the supercurrent 

In accordance with [36l [37] (see also m), the A/" = 4 supercurrent is described by a 
primary real scalar J subject to the conservation equation 

DI^D^J = . (4.15) 

Its superconformal transformation law is 

5J = -iJ -a{z)J . (4.16) 

The constraint fl4.15l) uniquely fixes the dimension of J to be 1. 

Since the supercurrent J is a scalar superfield, its two-point correlation function has 
a simple form 

, (4,17) 

where cj^=i is a free coefficient. Using (I2.2ip it is easy to check that (I4.17p obeys the 
conservation law fl4.15p . 

The three-point correlation function of the A/" = 4 supercurrent can be found by 
making the following ansatz 

{J{Z^)J{Z2)J{Z^)) = , i7(X3, ©3) , (4.18) 
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where the function H has the homogeneity property 


H{x^x,xe) = x-^H{x,e) , 


(4.19) 


for a real positive A. With the use of fl2.28ap . one can check that the supercurrent 
conservation condition fl4.15p implies a similar equation for H, 


“4 a j 


(4.20) 


where is the generalized spinor covariant derivative fl2.29p . 

The general solution of fl4.19p can be represented as a ©-expansion 


H{X,Q) = 


Cl 


02 04 


0e 


X X 


C2^ + + C4^ + C5^ -h Cq- 


0 ® , _ SjjKLQ^^e^^Q^^e^^X^fsX.s 


x-^ 


x= 




(4.21) 

where Cj are some coefficients. It is useful to rewrite fl4.2ip in terms of the symmetric part 
Xai 3 of Xap given in 02.251) . The result is 

^ ” X ^ ^ *-x5- ’ 

where dj are some coefficients which can be, in principle, expressed in terms of Cj. For the 
function H in the form (I4.22p it is easy to check that it solves (I4.2np for 


(^2 — — (^4 — ds — 0 , 


(4.23) 


and di, dg are arbitrary real. Thus, if we denote dg = dj ^=4 and di = djy= 4 , the solution 
for H is 


dd(X,0) 


dj\f=4 

— + dj,., -3^^- 

j /1 1 e* 3 02 \ , £„Ki0'“e''2>e'<'2e“x„jX,i 

(x + 8 jp + m j + -x^- 


(4.24) 


Here, in the second line of 04.24p . we expressed the function H in terms of Xq,^ given in 
fl2.25p and transforming covariantly under the super conformal group. 

Using the identities fl2.27ap and fl2.27bp it is possible to show that for arbitrary d^f =4 
and dj^f= 4 ^ the expression 04.241) obeys the equation 

H{-Xj, - 04 ) = ^id(X3, 03) , (4.25) 
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which must hold as a consequence of the symmetry property 

{J{zr)J{z2)J{z:,)) = {J{z^)J{z2)J{z^)) . (4.26) 

Thus, the A/" = 4 supercurrent three-point correlation function fl4.18l) with H given by 
fl4.24p obeys all the constraints dictated by the super conformal symmetry and the con¬ 
servation equation with two arbitrary real coefficients and d_\f= 4 . The structure of 

this three-point correlator has some similarities with that for the 4D M = 2 supercurrent 
computed in [34] . 

As was demonstrated in [1], the three-point functions of the supercurrent in TV = 1, 2, 3 
superconformal theories involve only one free parameter. In this regard, our A/" = 4 
result given by eqs. fl4.18p and fl4.24l) may look rather puzzling, since every A/" = 4 
superconformal field theory is a special J\f = 3 superconformal field theory. The resolution 
of this puzzle is as follows. We showed in [T] that the J\f = 4 supercurrent consists of 
two A/" = 3 multiplets, one of which is the J\f = 3 supercurrent and the other multiplet 
includes conserved currents that are not present in general J\f = 3 superconformal fields 
theories (the fourth supersymmetry current and the /^-symmetry currents associated with 
the coset space SO(4)/SO(3)). In subsection 1C. 11 by performing the A/" = 4 —)■ A/" = 3 
reduction of the A/" = 4 supercurrent correlation function fl4.18l) . we demonstrate that 
the first term in fl4.24p does not contribute to the three-point function of the A/" = 3 
supercurrent. Hence, it also does not contribute to the three-point correlation function of 
the energy-momentum tensor upon further reduction down to the component fields. This 
means that just like in A/" = 1,2,3 superconformal theories the three-point function of 
the energy-momentum tensor depends just on a single tensor structure and a single free 
coefficient (ijy= 4 . 


4.3 Mixed correlators 


For completeness, we also present mixed three-point correlation functions involving 
both the supercurrent and flavour current multiplets. It is not difficult to see that 


{V^%z^)J{z2)J{zs)) = 0 . 


(4.27) 


However, for the correlator with one supercurrent and two flavour current multiplet in¬ 
sertions we get 


_ llii 

{V^%z,)Jiz2)L^^\zs)) = 6^^ 

Xl3^X23^ 


H,,/\X3,e3) , 


0) = C (AT^V^t + = c 


Uiik^l)j _|_ Uj(k^l)i 

X 


(4.28a) 

(4.28b) 
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where c is a constant. The tensor is expressed in terms of the matrices and 
which are given by fl2.72ap and fl2.75ap . respectively. This tensor is fonnd as the general 
solntion of the equations 

^ g ^ ^4_29a) 

, (4.29b) 

which are the corollaries of the analyticity of the flavour current multiplet fl4.5ap and the 
supercurrent conservation law 04.151) . In deriving the equations 04.291) the identities 02.28P 
have been used. 

The equation 04.29a|) immediately follows from the analyticity of the matrix see 
02.76p . To check the equation 04.29bp it is convenient to rewrite it in terms of the SU(2) 
indices 

_ (4.30) 

Then, it is easy to see that this equation is satished as a consequence of the following 
property of the matrix 02.75ap 

pipaptb^ ^ g _ ( 4 . 31 ) 


Finally, we note that the tensor 04.28bD obeys the constraint 


/7,/'(X3,03) = ^U3Hi.U3i,yu“'u“;77fc./'^'(-^m-0i) , 


(4.32) 


which is a corollary of the following symmetry property of the correlation function (I4.28ap 
{r^\zi)J{z2)L’^^\zs)) = {L>^^\zs)J{z2)r^\zi)) . (4.33) 


The equation fl4.32p can be easily verified with the use of the relation fl2.74p which links 
together the thee-point and two-point unitary matrices. 


5 Free A/^ = 4 hypermultiplets 

In this section we consider a family of trivial J\f = 4 superconformal field theories - 
models for free hypermultiplets. In these models, the correlation functions of conserved 
currents can be computed exactly. Using such results will allow us to derive important 
relations between the numerical parameters appearing in certain two- and three-point 
functions in general J\f = 4 superconformal field theories. 
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5.1 On-shell hypermultiplets 


In 3D M = 4: supersymmetry, there are two types of free on-shell hypermultiplets, left 
g* and right g*, that transform as isospinors of the different subgroups SU(2 )l and SU(2 )r 
of the /^-symmetry group. They obey the following constraints 

Di<V> = 0 . (5.1a) 

Di<V’ = 0 , (5.1b) 


which are similar to those introduced by Sohnius |38] to describe the M = 2 hypermultiplet 
in four dimensions. These primary superhelds possess the superconformal transformation 
laws 

= -^g* - \{z)q^ + A}(2:)g^’ , 

+ ^{z)q^ ■ (5.2) 

The constraints fIS.lal) and flS.lbll uniquely £x the dimension of g* and g® to be 1/2. 
Associated with g® and g® are their conjugates 


g® =qi = Eijq^ , q^ =q-. = ej-q^ , 


(5.3) 


which may be seen to obey the same constrains as g® and g®. 


In accordance with the general results in section [2l the two-point correlation functions 
of the primary superhelds g® and g® with their conjugates are 


{q"{zi)q^{z2)) 


ItT Xi2 Itt 

1 11 ^^ 1 - 

~A -= 

dvr 0312 dTT 


(5.4a) 

(5.4b) 


where the matrices u*/ 2 i '^12 n /21 dehned in (12.651) and (I2.69p . respectively. On 

the one hand, the expressions for (g®(^i)g'^ (; 22 )) and {q^{zi)q\z 2 )) in terms of uj 2 ) '^112 and 
0312 guarantee that they comply with the requirement of superconformal invariance, eq. 
(12.7p . On the other hand, expressing these correlators in terms of n )^2 and 71*12 allows one 
to check easily that these two-point functions obey the analyticity constraints (Ib.lah and 
fl5.1bp . owing to fl2.70l) . 


There exist several off-shell realisations for the hypermultiplet, see Appendix A for a 
review. In any off-shell realisation for the left hypermultiplet, the two-point function (I5.4ap 























may differ only by contact terms from that corresponding to the off-shell formulation. In 
particular, in the harmonic superspace approach one deals with the g’''-hypermultiplet for 
which it holds that 


Ml) g'^(z 2 , U 2 )) = {q\zi) qj{z 2 )) up + contact terms . 


(5.5) 


Similar comments apply to the right hypermultiplet correlator fl5.4bl) . For our purposes in 
this section, it suffices to work with the two-point functions (15.dab and fl5.4bl) . A careful 
treatment of the singularities of the two- and three-point functions at coincident points 
is beyond the scope of this paper. 


It should be pointed out that switching off the Grassmann variables in (15.db leads to 
to the correctly normalised correlators of free complex scalars, 

{q\zi)qj{z2))\e=o = {(p"ixi)(pPx2)) = -^6} 

{q^{zi)q-j{z2))\e=o = {(p^{xi)^-j{x2)) = -^S^. 
where (p*(x) = q\z)\ 0 =o, (p*(x) = q^{z)\ 0 =o. 


^ A®. ^ 

(5.6a) 

4vr V(^i-^2)^ ' 

1 ^ 1 

4vr ^ X2Y 

(5.6b) 


5.2 Two-point correlators 

Let us consider a free model of m left hypermultiplets g* and n right hypermultiplets g*. 
We assume that g* transforms in an irreducible representation of a simple flavour group Gl 
with generators S“. Similarly, g* is assumed to transform in an irreducible representation 
of another simple flavour group Gr with generators Viewing g® and g® as column 
vectors and their Hermitian conjugates g* and g^ as row vectors, the supercurrent J is 

J = m" - m" , (5.7) 

and the flavour current multiplets “ are given by 

L% = -igpS“gj) , = -ig(iS“gj) . (5.8) 

We assume that the generators of the flavour groups are normalised such that 

tr(S“S^) = , tr(S“S^) = • (5.9) 

The normalisation constants /cl and /cr depend on the representations of the flavour groups 
Gl and Gr chosen. One can check that, due to the free equations of motion fl5.ip . the 
current multiplets (15.7b and (15.8b obey the conservation laws (14.15b and (14.5b . respectively. 
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The notable feature of of the supercurrent fl5.7p is that J is asymmetric with respect 
to the left and right hypermultiplets. The supergravity origin of this property will be 
discussed in section |8l 


We compute the two-point correlation functions of the supercurrent and flavour cur¬ 
rent multiplets for the free hypermultiplets. Since there is no correlation between the 
superhelds g* and g*, the two-point function for the supercurrent is given by 


{J{zi)J{z2)) = {q\zi)qi{zi)q^{Z2)q-j{z2)) + {q\zi)qi{zi)q^{z2)qj{z2)) . 
Performing the Wick contractions and making use of fl5.4p . we hnd 


(5.10) 


(47r)2 Xi2^ 


(47r)2 0312^ 


StT^ Xi 2 ^ 

In a similar way we hnd two-point correlation functions of havour current multiplets 


(5.11) 


{L%{z,)lI{z 2 )) 

(^|(^i)4(^2)) 


kh (ui2iiUi2jA; + Ui2jiUi2iA;) 
327r2 3312^ 

fen (^12T^12ifc + 

327r^ 3312^ 


5“^ . 


(5.12a) 

(5.12b) 


Comparing these correlation functions with (14. 8 p and (I4.17p we hnd the following values 
for the coefficients and c_a/= 4 : 


CM=A 


kh 

IOtt^ ’ 
m -|- n 

Stt^ 


(5.13) 

(5.14) 


5.3 Three-point correlators 


For the three-point function of the havour current multiplets L“-, which are dehned 
by (15.8p . we have 

{L^zi)Lli{z2)Ll^niz3)) = i(g(i(2;i)S“gj)(2;i)g(fc(z2)S''gz)(2;2)g(™(z3)S''g„)(z3)) • (5.15) 


Performing the Wick contractions and using the explicit form of the hypermultiplet two- 
point function fl5.4all we hnd 




f^^kL Ul2.(m23i)( m Usinp + Ui2j(fcU23Z)(mU3ln)i 
1287r3 331233133323 


(5.16) 
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Using the identity Xi 2 ^ = JC 3 ^Xi 3 ^X 23 ^ the denominator in fl5.16p can be written as 

1 1 


(5.17) 


*123^133^23 * 1320123^^3 

With the help of fl2.74p the correlation function fl5.16p gets exactly the form fl4.9|) with 


b_\r=4 — 


1287r3 




(5.18) 


(5.19) 


Comparing this coefficient with fl5.13p we observe that 

bj\r=4 _ _ \/2 

a_\r =4 Stt 

Although this relation between the coefficients of the two-point and three-point correlation 
functions is obtained for the free hypermultiplets, we propose that it is universal for any 
Af = 4 superconformal held theory. Indeed, the relation fl5.19|) can be considered as a 
manifestation of a Ward identity relating the two- and three-point correlation functions 
of the havour current multiplets. Since both of these correlation functions depend on a 
single tensor structure the relation between their coefficients can be found by considering 
a particular theory. The explicit form of the relevant Af = 4 Ward identity will be derived 
in the next section. 

The three-point correlation function for the havour current multiplets can be anal¬ 
ysed in a similar way, with the same relation (I5.19p between the coefficients. 

Now we turn to computing the three-point correlator for the supercurrent fl5.7p . In 
the right-hand side of 


(J(zi)J(z2)J(z3)} = (q'(zi)q-i(zi)q^Z2)qj(z2)q^(z3)q/,(z3)} 
-(q'(^i)qi(^i)qH^2)qj(z2)q^(z3)qk(z3)} 
we perform the Wick contractions and make use of fl5.4p to get 


(5.20) 


(J(Z4)J(Z2)J(Z3)} = 


m 


Ui2UU23-^^U3i^^ + Ui3*^U2U7u32^ 


(dvr)^ 


*13*12*23 

n 

Ul2*iU23^ 

'fcU3i^i -F Ui3\U2i^iU32^j 

(dvr) 

|3 

*13*12*23 

2m 

U3*^ 

2n U3h 


(47r)3 a;i2*23*i3 (47r)3 a;i2a;23*i3 


(5.21) 


Here, in the last line, we have applied the relations fl2.74p . Next, using the identity fl5.17p . 
we express fl5.2ip in terms of and introduced in fl2.75p 

1 1 


{J{Z4)J{Z2)J{Z3)) = 


327r3 a::i32a:23' 


:{mN3\-nN3\) 


(5.22) 
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Taking into acconnt the explicit form of the matrices and given in fl2.75p . we 
conclnde that the correlator has the form fl4.24l) . 

J(^ 2 )J(^3)) = I 2 \ ^ + , (5.23a) 

Xl3^X23^ \ X 3 j 

where 


dj<^=i — 


m + n 
1287r3 


dj^=i — 


m — n 


(5.23b) 


As discnssed at the end of snbsection 14.21 it is the dji/= 4 -teTm in (15.231) which con- 
tribntes to the three-point fnnction of the energy-momentnm tensor upon reduction to 
the component helds. In accordance with fl5.23bH . the coefficient dj\f=i receives additive 
contributions from the g* and g* hypermultiplets. The other coefficient d_^f =4 is non-zero 
when m ^ n. It is known that the mirror map 971 [121 EH] turns every left hypermultiplet 
g* into a right one, g*, and vice versa, see Appendix A. Invariance under the mirror map 
implies that the theory has the same number of the g® and g® hypermultiplets. Thus, we 
conclude that the non-vanishing value of d_^f =4 indicates that the superconformal theory 
under consideration is not invariant under the mirror map. 


The ratio of the coefficient dj^f =4 in the three-point function fl5.23p with cj^= 4 , which 
determines the two-point correlator (15.1411 . is 

= — . (5.24) 

Cjy=4 ISvr 

Although we have found this relation for the special model of free J\f = 4 hypermultiplets, 
we expect that fl5.24p is universal for all TV = 4 superconformal models, as a consequence 
of a Ward identity. Indeed, there is a Ward identity relating the two- and three-point 
functions of the energy-momentum tensor (see, e.g., [23]). Since in A/" = 4 superconformal 
held theories each of them is determined by a single tensor structure, the relation between 
their coefficients can be found by considering a particular theory. Of course, it is possible 
to derive a superheld Ward identity expressing the J\f = 4 superconformal symmetry. 
Since its main application is to give another derivation of fl5.24p . we will not indulge in 
this technical issue in the present paper. 


6 Ward identities for flavour current multiplets 

The Ward identities play an important role in quantum held theory as they relate 
diherent Green functions. In this section we derive Ward identities for havour current 
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multiplets in AA-extended superconformal field theories, with 1 < A/" < 4. Such Ward 
identities relate the two- and three-point correlation functions of the flavour current niul- 
tiplets and, in principle, allow one to relate the parameters in these correlators. The 
common feature of the four supersymmetry types 1 < A/" < 4 is that for each of these 
cases the Yang-Mills multiplet possesses an unconstrained prepotential formulation. 

To derive the Ward identities we will use a standard field theoretic construction that 
can be described as follows. Consider a superconformal field theory that possesses a 
flavour current multiplet L (with all indices suppressed). We gauge the flavour symmetry 
by coupling the theory to a background vector multiplet described by an unconstrained 
prepotential V which will be the source for L. An n-point function for L is obtained by 
computing n functional derivatives of the generating functional Z\y] with respect to V 
and then switching V off. 


r(L(l)...L(n)) 


5^Z[V] 

6 V {!)... 6 V{n) 


•> 

v=o 


( 6 . 1 ) 


where the operator insertions on the left are taken at distinct points. The Ward identities 
follow from the condition of the gauge invariance of Z\y]. 


6.1 J\f = 1 superconformal theories 


In A/" = 1 superconformal field theory, the flavour current multiplet is described by a 
primary real spinor superfield of dimension 3/2 subject to the conservation condition 

D^^Ll = 0 , ( 6 . 2 ) 

with a being the flavour index (see [1] for more details). We now gauge the flavour 
symmetry by coupling the theory to a background vector multiplet described by a spinor 
prepotential lY*, which is real but otherwise unconstrained (see HU for the details). The 
gauge transformation law of is 

, (6.3) 


with the superfield gauge parameters A“ being real but otherwise unconstrained. The 
gauge prepotential is the source for the flavour current multiplet in the sense that 


KLl{z))y = 


5Z[V] 


(6.4) 
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where ZlV] is the generating fnnctionah As usnal, (... )y denotes a correlation fnnction 
in the presence of the background field. The gauge invariance of Z\y] implies that 

j = 0 . (6.5) 

Since the gauge parameters A“ are arbitrary superhelds, we conclude that 

(d^-^ - ZlV] = 0 . ( 6 . 6 ) 

Varying this identity twice and switching off the source V^, we end up with the Ward 
identity for M = 1 flavour current multiplets 

D‘‘{Ll(z}Ll(zi)L‘(z,)) + - Zi){Lj{zi)mz^)} 

+\rV>^z - Zz){l\(zi)L^(z^)) = 0 . (6.7) 

Here 5^1^ (z — z') is the M = 1 superspace delta-function. 


6.2 J\f = 2 superconformal theories 

The M = 2 flavour current multiplet is described by a primary real scalar superfield 
L“ of dimension 1 subject to the conservation equation 


)L“ = 0 , 


( 6 . 8 ) 


see [T] for more details. 


In this subsection it is useful to deal with complex Grassmann coordinates 0" and 
for A/" = 2 superspace that are related to the real ones, 6*", as follows: 


r = + m ). - m) ■ 


The corresponding spinor covariant derivatives are 


= ^(Dl - \Dl) , £>„ = + \Dl) . 


In this basis, the conservation equations fl6.8p turn into the conditions 

= 0 , = 0 , 

which mean that is a real linear superfield. 


(6.9) 


( 6 . 10 ) 


( 6 . 11 ) 
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We gauge the flavour symmetry by coupling the theory to a background vector mul- 
tiplet described by a prepotential which is real but otherwise unconstrained miiig. 
The gauge transformation of the prepotential is 


+ A") + ... , (6.12) 

where the gauge parameter A“ is an arbitrary chiral scalar superfleld. The ellipsis in (I6.12p 
stands for those terms which are at least quadratic in and therefore are irrelevant for 
the Ward identity relating the two- and three-point correlation functions. Below, we will 
systematically neglect the 0(K^)-terms in the gauge transformation of 

The gauge prepotential is the source for the flavour current multiplet which is 
obtained from the generating functional ZlV] by 




6 Z[V] 
6 V~^{z) ■ 


(6.13) 


The gauge invariance of the generating functional is expressed as 


/ 


d^'S 



A“) + i/“^W®(A" + A") + .. 


6 Z[V] 

dV^{z) 


(6.14) 


Since the gauge parameters A“ are arbitrary chiral superflelds, we end up with the following 
identity for the generating functional Z: 


and its conjugate. Varying this equation twice and switching off the gauge superfleld 
we obtain the Ward identity relating the two- and three-point correlation functions of 
M = 2 flavour current multiplets 


D^L\z)L\z^)L\z2))-Ar-5+{z,z^){L\z^^^^^ 

-4f<^%{z,Z2){L%z,)L%Z2)) = 0 . (6.16) 


Here 6 +{z,z') is the chiral delta-function; it is expressed in terms of the full superspace 
delta-function — z') in the standard way 

5+{z, z') = - z') . (6.17) 
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6.3 J\f = 3 superconformal theories 


It is known that the conventional 3D Af = 3 Minkowski snperspace is not snit- 
able to realise off-shell Af = 3 snpersymmetric theories. The adeqnate snperspace setting 
for them [B] is x CP^, which is an extension of by the compact coset space 
SU(2)/U(1) associated with the P-symmetry group]® The most general Af = 3 super- 
symmetric gauge theories in three dimensions can be described using either the harmonic 
snperspace techniques mm or the projective ones [33]. These formulations are 3D ana¬ 
logues of the 4D Af = 2 harmonic [l3l 01] and projective [lH 06] snperspace approaches 
(see also HU for a review of the projective snperspace formalism). The 3D Af = 3 pro¬ 
jective snperspace setting has been used to construct the most general off-shell Af = 3 
superconformal a-models [1] and supergravity-matter couplings [33]. The 3D Af = 3 
harmonic snperspace has been shown to be efficient for studying the quantum aspects 
of Af = 3 superconformal theories [IS]. It also provides an elegant description of the 
ABJM theory [09]. In this subsection we will use the harmonic snperspace to derive Ward 
identities for Af = 3 flavour current multiplets. 

We will use SU(2) harmonic variables uf and u~ constrained by 

= 6j , M+® = uA ■ (6.18) 


Associated with these variables there are the following vector helds 

g++ = ■^+ ^ Q—= u~ ^ d^ = u'^— - u~ ^ 

* du~ ’ * Out ’ * But * du~ 


(6.19) 


which form the SU(2) algebra 

= 2a++ , [d^,d~~] = -2d~~ , [a++,a“"] = . (6.20) 


Using these harmonic variables allows one to introduce a new basis for the Grassmann 
variables and the spinor covariant derivatives Dff-. 




= {ufup'l u-u-e'i, utu-0'J) , 
{D+*,D--,Dl) = (utu*D‘i, . 


(6.21a) 

(6.21b) 


®For every positive integer Af, the 3D W-extended superconformal group OSp(A/"|4;R) is a transfor¬ 
mation group of the compactified Minkowski superspace in which Minkowski superspace is 

embedded as a dense open domain [4]. In the W = 3 case, OSp(3|4;R) is also defined to act transitively 
on X CP^, as shown in [4]. 


36 








As discussed in section |31 the J\f = 3 flavour current multiplet is described by a primary 
superfleld subject to the conservation law fl3.6p . Associated with this superfleld 

are the following harmonic projections: 

L++ = , L— = u-ujU^ , = ufujU^ . (6.22) 

It is sufficient to study only one of these projections, say since the others can be 
obtained by acting on with d . By construction, L~^~^ is annihilated by 

a++L++ = 0 . (6.23) 

It is important that the equation fl3.6p has the following corollary 

= 0 , (6.24) 


which is usually referred to as the analyticity condition. 


The main feature of the harmonic superspace is that it allows one to introduce new 
off-shell multiplets that are annihilated by Such superfields are defined on a super- 

symmetric subspace of x CP^ known as the analytic subspace. It is parametrised by 
coordinates 

C = {x%e++,elut ), (6.25) 

where 

-f- i7“^0++“0—^ . (6.26) 

In the analytic coordinate basis for x CP^ consisting of the variables ( and 0~~, the 
spinor covariant derivative Pq’*' becomes short. 


D 


++ 

a 


d 

de—^ ’ 


(6.27) 


while the harmonic derivative d~^~^ acquires additional terms 


^++ 


a++ 2i7“^6'++"6' 


anOa 




^Q++C 


d 




+ 20 


lOo 


d 


09- 


(6.28) 


Therefore, in the analytic basis, the equation (I6.24p tells us that while 

fl6.23p becomes a non-trivial constraint 


= 0 . 


(6.29) 


We are prepared to derive Ward identities in a super conformal field theory possessing 
flavour current multiplets For this we gauge the flavour symmetry by coupling the 


37 












theory to a background vector multiplet described by a prepotential 1/++“ which is an 
analytic real superfield. Its gauge transformation reads 


= ^++A“ - 


(6.30) 


where the gauge parameters A“ are unconstrained analytic superfields. The gauge prepo¬ 
tential 1/++“ is the source for the flavour current multiplet which is obtained from 

the generating functional Z\y] by 



'^(C))u 


SZIV] 


(6.31) 


The gauge invariance of ZlV] implies the equation 




jabc-^++ 


6Z[V] 

5V++--{0 


0 , 


(6.32) 


where d^*- is the invariant measure on the analytic subspace fl6.25p . Since the gauge 
parameters A“ in fl6.32p are arbitrary, we conclude that 


Finally, varying this relation twice and switching off the gauge superfield we end up 
with the Ward identity for the correlation functions of flavour current multiplets 

^++(L++“(c)T++'(Ci)T++%))+ir%'’°^(c,Ci)(i^++"(Ci)^++"(C2)) 

+ir^6^i’^\CX2){L^^\Ci)L^^\C2^ = 0 ,(6.34) 

where 5 a’°^(C,C 0 is the delta-function in the analytic subspace. 


6.4 AT = 4 superconformal theories 

The i?-symmetry group of the TV = 4 super-Poincare algebra is SU(2 )l x SU(2 )r. 
It is the superspace flA.ip which is adequate to formulate general off-shell M = 4 su¬ 
persymmetric theories. Hence, one can introduce harmonic variables for either of the 
SU(2) subgroups, or for both of them. For studying Ward identities involving correlation 
functions of the left flavour current multiplets it is sufficient to introduce harmonic 
variables for the subgroup SU(2 )l which acts on the indices i,j. We will use the same 
harmonic variables uf constrained by flb.lSp and the corresponding harmonic derivatives 
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fl6.19p . Now we project the A/" = 4 Grassmann variables 6^^ and spinor covariant deriva¬ 
tives as 


Di^{Di^,lt) = {vtDt u-Dt). 


(6.35) 

(6.36) 


The flavour current multiplet has the same harmonic projections as in fl6.22p . The 
equation fl6.23p remains unchanged in the A/" = 4 case while the analyticity constraint 
fl6.24p turns into 

D^+L++ = 0 . (6.37) 

This equation follows from fl4.5ap by contracting the indices i, k, I with the u^-harmonics. 

Let us consider the analytic subspace of the AA = 4 harmonic superspace parametrised 
by the variables 

C = K,e,uf), (6.38) 


where 

XA=x'‘ + ni/*%'’ ■ (6.39) 

In the coordinate system the spinor covariant derivative becomes short, 

d 


Di+ = 


-a ’ 


de: 

I 

while the covariant harmonic derivatives and d acquire additional terms 


^++ = a++ + 




= a-- + i7“^0*-“0: 


dx\ ■ “ dd^ 

r) - r) 

a /3 _j_ 


dx'^ “ 


d0i+ 


(6.40) 

(6.41a) 

(6.41b) 


The crucial feature of using the analytic coordinates in the AA = 4 harmonic superspace is 
that the equation fl6.37p is automatically solved by the analytic superfleld L++ = L++((C) 
while fl6.23p turns into a non-trivial constraint 


= 0 . 


(6.42) 


Once the analytic subspace fl6.38p in the Af = 4 superspace is introduced, the further 
derivation of the Ward identity for goes exactly the same way as in sect. 16.31 and the 
equations fl6.30p - fl6.33p remain unchanged. Thus, we end up with the Ward identity for 
L~^~^ exactly in the form fl6.34l) 

»7(L++"(c)i++7i)i++'(C2)) + if“<57“’(c.Ci)(i++‘‘'(Ci)i++'(C2)) 

+if“4«>(C,C2)(i++’'(Ci)i++''K2)) = 0 . (6.43) 


39 






























In a similar way one can find the Ward identity for the right flavonr cnrrent mnltiplet 
py introdncing the harmonic variables for the snbgronp SU(2 )r of the i?-symmetry 
gronp. 

It is instrnctive to check that the Ward identity fl6.43p is satished for the free hyper- 
mnltiplets. 

Consider the action for a single hypermnltiplet 

S = J , (6.44) 

where q~^ is constrained by 

Di+q+ = 0 , (6.45) 

and the same constraints hold for its smile-conjngate q^. The snperheld q'^ contains 
inhnitely many anxiliary component helds at the component level. These anxiliary helds 
vanish on the eqnation of motion 

^++g+ = 0 , (6.46) 

which implies that the hypermnltiplet superhelds takes the form 

q^{z,u) = ufq'^iz) , q^{z,u) = n+*gi(^) . (6.47) 


The two-point fnnction {q^{C 2 )) corresponding to the action fl6.44p is 

= -iG'(+’+)(Ci,C2) . (6.48) 

Here we have introdnced the Green fnnction ( 2 ) as a solntion of the eqnation 

»++GI+'+'(Ci.C 2) = -i7‘'(Ci.C2) . (6.49) 

Explicitly, it can be represented in the following form (see Appendix [B] for the details) 


G(+’+)(Ci,C2) = 


i jufut) 

471- y/h?2^12a ’ 


(6.50) 


where 


AO _ 

th/ 1 Q - Uj 


12 ~ -^Al ^A2 / + 


U^ U 


[{u-^ut)ef^Xi - (<^2)GtVKl + ( 6 - 51 ) 


1 ^2 


2i 


2n 


is a manifestly analytic coordinate difference that is invariant nnder Q-snpersymmetry 
transformations. We point ont that the two-point fnnction fl6.48p is related to fl5.4ap 
according to eq. fl5.5p . 
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Let us consider a free super conformal theory describing a column vector qr+ of several 
q~^ hypermultiplets and their smile conjugates viewed as a row vector. The corre¬ 
sponding action, which is the sum of n free actions fl6.44p is invariant under rigid flavour 
transformations 


5q+ = iA“S“g+ , 5q+ = -iA“q+S“ , 


(6.52) 


with constant real parameters A“ and Hermitian generators of the flavour group. We 
gauge this symmetry by coupling the hypermultiplets to an analytic gauge prepotential 
taking its values in the Lie algebra of the flavour group, 

^ + (6.53) 

From the action obtained we read off the flavour current multiplet 

L++“(C) = iq+E“q+ . (6.54) 

By construction, respects the analyticity constraint (I6.37p . It also obeys the condi¬ 

tion fl6.42p on the mass shell. Thus our new representation fl6.54p for the flavour current 
multiplet is equivalent to fl5.8p we used before. 

Let us use the new representation (16.541) to compute the two- and three-point functions 
of the flavour current multiplets. Performing the Wick contractions gives 

(L++“(Ci)L++'(C 2)) = fcL5"'(g+(Ci)g+(C2))(?+(Ci)?+(C2)) , (6.55) 

(l++“(Ci)l++'(C2)l++^'(C 3)) = -fcL/"'^'(g+(Ci)g+(C3))(g+(Ci)?+(C2))(g+(C2)g+(C3)) (6.56) 


where the propagator is given by (I6.48p . Now we use the explicit form of the hypermul- 
tiplet Green’s function (I6.5np and obtain a new representation for the correlators of the 
flavour current multiplets 


(L++'‘(Ci)r++‘(C2)) 

(L++'‘(Ci)i++‘(C2)r++'(C3)) 


r, 

aj^=iO 


-abj utut) 
Xl2^ 






(6.57) 

(6.58) 


These expressions are manifestly analytic in all arguments. They are equivalent to (14.8p 
and (14.9p modulo contact terms which vanish for non-coincident superspace points. We 
stress that for generic values of aAr =4 and 6 a ^=4 the form of the correlation functions (I6.57p 
and (I6.58P is universal for any A/" = 4 superconformal theory although they were derived 
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for free hypermultiplets. The values of the coefficients 07^=4 and hj^= 4 ^ for the case of free 
hypermultiplets are given by fl5.13l) and fIS.lSp . respectively. 


Recall that the hypermultiplet Green’s function fl6.50l) obeys the equation fl6.49l) . Us¬ 
ing this equation we compute the derivative of the expression (16.581) 

»+,VL++"(Ci)i++‘(C2)i++“(C3)) = 43/2i7rV.4/"“l«!?'”’(Ci. C 2 ) - <5?’“’(Cl. C3)]h^ 

2:12 

= 4x/2iirt5tir“[ir’(Ci.C2) - h*’°’(Ci,C3)l(i+'"'(C2)i++"(C3)) . (6.59) 

Hence, the correlation functions fl6.57p and fl6.58p obey the Ward identity fl6.43p if the 
coefficients and ^^^=4 are related to each other by the equation (15.191) which was 

found previously for the case of free hypermultiplets. Here we have demonstrated that it 
holds for every W = 4 super conformal held theory. 


7 Relations between correlation functions in super- 
conformal field theories with 1 <AA<4 

The study of correlation functions performed in the present paper is the continuation of 
our earlier work [1]. In [1] and in sections [3] and 0] of the present paper, we derived explicit 
expressions for the two- and three-point correlation functions of the supercurrent and 
havour current multiplets in three-dimensional AA-extended super conformal held theories 
with 1 < A/" < 4. As was discussed above, the coefficients of the two- and three-point 
function are not independent but are related by the Ward identities. The aim of this 
section is to derive the relations between these coefficients for 1 < A/" < 4. Our derivation 
will be based on the following two observations. 


If both the two- and the three-point functions are hxed up to overall coefficients 
and are related to each other by the Ward identities, we can hnd a universal, model 
independent relation between the coefficients by considering a particular theory. We 
have already used this observation to obtain the relations (I5.19p and (15.241) which 
are valid in any AA = 4 super conformal held theory]^ 


®The coefficient dj\f =4 does not contribnte to the three-point function of the energy-momentum tensor 
and, hence, does not appear in the Ward identities. Thus, it is not related to the coefficients and 
dj\f =4 in a universal manner. 
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• Every A/" = 4 superconformal theory can also be viewed as a special A/-extended su- 
perconformal theory, with J\f < 3. Since the relevant two- and three-point fnnctions 
in theories with J\f = 1,2,3 snpersymmetries are hxed up to overall coefficient^^ 
[1] we can hnd similar universal relations between the coefficients using eqs. (I5.19p 
and (Km . 

To perform explicit calculations we use the fact that the correlation functions of con¬ 
served currents for different J\f are related to each other by the superspace reduction. 
Indeed, as explained in [1], the supercurrents in 1 < A/^ < 3 superconformal theories can 
be derived from the supercurrent J in the A/^ = 4 theory by applying covariant spinor 
derivative and switching off some of the Grassmann coordinates. The flavour current 
multiplets in 1 < A/" < 3 theories can also be derived from the A/" = 4 flavour current 
multiplets by applying the rules of the superspace reduction discussed in [T]. 

7.1 Superspace reduction of the supercurrent correlation func¬ 
tions 

7.1.1 J\f = 3 supercurrent 

Let us start with the A/" = 4 supercurrent J whose correlation functions are given by 
fl4.17p , fl4.18|l and fl4.24l) . The M = 3 supercurrent Ja is related to J as follows 

Ja = lDij\ , (7.1) 

where the bar-projection means that we set 9^ = 0. Hence, for the correlation functions 
of Ja we have 


. (7.2) 

{Uz,)Mz^)J,(z,)) = -iDl^„D\^,^Dl,^^(J(z,)J(z^)J(z,))\ . (7.3) 

Computation of the required derivatives of fl4.17|) and (14.181) is a straightforward but 
tedious task. The details of this procedure are given in subsection 1C. 11 Here we present 

the case of the three-point function of flavour current multiplets in Af = 2 superconformal field 
theories, there is a second structure proportional to the totally symmetric tensor of the flavour symmetry 
group [T]. However, this structure does not contribute to the three-point functions of conserved currents. 
Hence, it does not contribute to the Ward identities and can be ignored for our discussion. 
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the results: 


Jp{^Z2) J 

H^^y{X,Q) 


lCAt=3 


^12a.p 


dj\f=: 


Xl3. 


ao'*23/3/3' j^ja'jS' 


Xl3'^X23^ 


i7“%(X3,03) , 


1 


+ 5^X'’f^)X^'^elQiQfejjK 

£ijk 


+ 2X"^X^^0{0;^0,^ 


+X^“X^'^0{0;^0^ 


/i”!/ ”7 




^IJK 


(7.4a) 

(7.4b) 

(7.4c) 


where 


cj ^=3 = 2cj^=4 , (7.5a) 

d^f=3 = Ad^=i . (7.5b) 


Eqs. fl7.4p are precisely the expressions for the correlation functions of the J\f = 3 super¬ 
current obtained in [T]. Using eq. fl5.24p we then obtain the following relation between 
the coefficients 


dj\f=3 _ J_ 

CAr=3 Stt ■ 


(7.6) 


We expect that this relation is valid in any J\f = 3 super conformal theory. 


7.1.2 Af = 2 supercurrent 


The AT = 2 supercurrent Jap is related to the Af = 3 supercurrent Ja as follows 

U = Cpal. (7.7) 

where the bar-projection means that 6*3 = 0. Hence, the correlation functions of W = 2 
supercurrents can be found from fl7.4l) by the rules 


{Jaa'{Zi)Jj3i3i{z2)) — D(^2)p{Ja'{Zi)Jf3i(yZ‘^)\ , (7.8) 

{Jaa'(^Zi^Jfjfj>(^Z2)Jyy'(^Z3^') df’fl)aD{2)l3df’{3)y{’da>{zi)J^>{z2)Jy'{z3))\ . (7.9) 


The details of computations of these derivatives are given in subsection 1C.21 The resulting 
expressions are: 


(^/3(Zl)J“'^'(z2)) = 0^=2 ^^^“^ , 

*12 

{J.a'{Zy)Jpp,{z2)Jyy\z3)) = ^_^^ /l3«P^13a'p'*23^c7*23/3'.' (^ 3 ^ 03 ) 

*13 *23 


(7.10) 

,(7.11) 
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where 


^aa',/3/3',77'(x, 0) = ^ 0^0^' + e^0e'^')^'0^0}' 




-/j 


1 


3X““'X7T''0f05' + SX^^'X^^'QfQi - 5X““'X^^'0T0t 


5£"(7eT'')"'x^^' + 5e^('^e'^')^'X"“' - X^^'QlQj.sjj 


X 
i 

---^X“"'X^^'X^^'X^'^'0^0/,£7j . 
2 X^ 




'i^j 


^ij 


(7.12) 


The coefficients cj ^=2 and dj\f =2 in (I7.inp and (I7.1ip are related to cj ^=3 and dj\f =3 as 

cj\f =2 = —4c_/\^=3 , dj\f =2 = —Qdj ^=3 . (7-13) 

Eq. fl7.10p . fl7.1ip . fl7.12p are precisely the correlation functions of the AT = 2 supercurrent 
obtained in [1]. 

Taking into account fl7.6p . we find the ratio of the coefficients fl7.13l) : 

dj\f=2 3 


cj ^=2 ISvr 

which we expect to be valid in any M = 2 superconfornial theory. 


(7.14) 


7.1.3 M = 1 supercurrent 

Consider now the reduction of the Af = 2 supercurrent Jai 3 to the Af = I supercurrent 

JaP'r = ) (7-15) 

where the bar-projection means that 62 = 0. The corresponding relation for the super¬ 
current correlation functions reads 


{Jaa'a" i^^l) J0/3'13" (^^ 2 ^) ^ (l)a^ {2)0{’^oi'a" Jp'0" (^^2')')\ y 


(7.16) 


{Jaa'a" ^00'0" {^ 2 ') J-yY'f" ^^{l)a^{2)0^{3)'y{'^oi'oi"i,^l^'J0'0"i,^2')J'f'Y'{^3))\ ■ 

The computations of these expressions were performed in [1]. Here we give only the result: 


{Ja0y{z,)J^'f^'^'{z2)) = ic^=l 
{Jaa'a" i^Zi^ J0010/1 (^Z2^ J-yY'y" id_/V’=l 


Xi20f^'Xi2^z') 

XlSa^XiSa'^ Xi3a"^ ^230^^X230''^ X230"'' 




^ Hpp'p" era'a" 'y'y'y 


"(^3,03) , 


(7.18) 


(7.19) 
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where the tensor /3/3'/3" 77 ' 7 " 

but explicit form: 


{lraY''^'\lnY '^''has Complicated, 




Ql(j(mnp),k ^ j:,{^npUkT) 


(jmnp,k _ _ ^^mn^kp _|_ ^mk^np _|_ ^nk^mp'^ 

+^{X^X’^r]^P + X^X’^'q^P + 

-^{X^X^qP’^ + X^XPf]^’^ + X^XPf]^^) - ^X^X^XPX'^ , 

jj(mnp),(kr) _ ^mks^^^^fjn(np),r,s' _|_ ^nks^^^^rjn{mp),r,s' ^pks^^^^jn(mn),r,s' 


rj^{np),r,s _ 


yriTXPX^ + r]P^X^X^ - q^PX^X^ ^ SX^XpX^X^ 


X5 


X7 


(7.20) 


It is important that the coefficients cj\f=i and dj^=i in (I7.18p and (I7.19p are expressed in 
terms of c _/^=2 and dj ^=2 as 


Cj\f=l — Qc^=2 , d_^=i — —^dj^=2 ■ 

From fl7.14p we hnd the ratio of these coefficients: 

dj^=i _ 5 

CM=i 3277 


(7.21) 


(7.22) 


7.2 Correlation functions of flavour current multiplets 

We now turn to deriving relations between the coefficients in the two- and three-point 
correlators of flavour current multiplets. 


7.2.1 Af = 3 flavour current multiplets 


The two- and three-point correlation functions of Af = 4 flavour current multiplets are 
found in the form (14. 8 p and (14.9p . They contain free coefficients 07^=4 and 67^=4 which are 
related to each other by (15.191) . Owing to the identities fl4.10p . the same relation must hold 
for the coefficients among two-point and three-point functions in A/" = 3 super conformal 
theories 


67^=3 _ \/2 

a_\r =3 8n 


(7.23) 
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7.2.2 Af = 2 flavour current multiplets 


Let us consider the reduction of the Af = 3 (LLL) correlator to the Af = 2 superspace. 
Recall that the Af = 2 flavour current multiplet is described by a primary real dimension-1 
superheld L subject to the constraint 

{D^^Di - = 0 , (7.24) 

which dehnes the Af = 2 linear multiplet. Such a superheld can be obtained by bar- 
projecting one of the three components of the Af = 3 flavour current multiplet 

L = L^|, (7.25) 

where the bar-projection assumes that 9'^ = 0. Hence, the correlation functions of the 
Af = 2 flavour current multiplets can be obtained by evaluating the bar-projections 

{L\zi)L\z 2 )) = {L^\zi)L^\z 2 ))\ , (7.26a) 

{L^{z^)L\z2)L%z^)) = {L^~^{z^)L^\z2)L^%zM • (7.26b) 


Now, given the explicit form of the correlation functions of A7 = 3 flavour current multi¬ 
plets, eqs. (13.3p and (13.41) . we derive 

{L\z,)L\z 2 )) = , (r.27a) 

1 fB.bc \(ZiiaY 

{L%z,)L\z.,)L%Z;)) = --V =3 % , ^ Xf" " ' <■ 

where J, J are the SO (2) indices. Recall that the Af = 2 flavour current correlation 
functions were found in [ 1 ] in the form 


{L^{zi)L''{z 2 )) = a^f= 2 - 


•cab 


Xl2^ 


{L\zi)L\z2)L\z3)) = 


Xi3^X23^ 


jBbc^^ ^ ig/jQa'^^Sa/jQs^ ^abc^Af=2 


X3^ 


X 3 


Comparing these expressions with fl7.27p we conclude that 


(7.28a) 

(7.28b) 


0A=2 = 0,J\f=3 3 b_Y=2 = —-hj\f=3 , i>j^=2 = 0 . 

As a consequence of (17.231) we And the ratio of coefficients 6/^=2 and aj ^=2 

bM=2 _ V 2 

a‘N=2 ISvr 


(7.29) 


(7.30) 
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Let us point out that 6 aa =2 is found to be zero because the last term in fl7.28bp cannot 
be lifted to A/" = 3 supersymmetry, but in generic M = 2 supersymmetric theories it is not 
necessarily zero. It can be shown that this term does not contribute to the three-point 
function of conserved currents [ 1 ] and, hence, is irrelevant for our present discussion. 


7.2.3 M = I flavour current multiplets 


Finally, let us discuss the reduction of the M = 2 flavour current multiplets correlation 
functions down to M = 1. The M = 1 flavour current is described by a primary dimension- 
3/2 superfield obeying the conservation law D°‘La = 0. It can be obtained from the 
Af = 2 flavour current multiplet L by the rule 

La = iDlL\ , (7.31) 

where the bar-projection assumes that 62 = 0. The corresponding relations among the 
correlation functions of A/" = 2 and Af = 1 flavour current multiplets were found in [1] 

, (7.32) 

Xl 2 

(LHz,)Ll(zz)mzz)) = 

xfsi - E-ixI'ez, - E^-'xre,, „ 

- 2i0_v=2 ^ 4 ^ 4-- • (7.33) 

aJi3hr23^ A 3 '* 

The same expressions for these correlation functions were found in [T] by using the super- 
conformal invariance and conservation conditions. The free coefficients of these correlation 
functions are related to the ones in fl7.32p and fl7.33l) 


(^M=i = 2a_sf=2 , b_\f=i = 26 _ a /=2 • 
Hence, these coefficients have the same ratio as in fl7.30p 

bj\f=i _ \/2 
<iM=\ 16 ^ 


(7.34) 


(7.35) 


8 Concluding comments 

In this paper, we have studied some implications of A/" = 4 superconformal symmetry 
in three dimensions. A rather unexpected result of our analysis is that the three-point 
function of the supercurrent in A/" = 4 superconformal field theories is allowed to pos¬ 
sess two independent tensor structures, which is a consequence of the superconformal 
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symmetry and the conservation eqnation. It may look surprising since any A/" = 4 su- 
perconformal field theory can also be thought of as a special case of one with < 4 
and, as we showed in [1], similar three-point functions in superconformal field theories 
with A/" < 4 contain only one tensor structure. An apparent disagreement has a simple 
resolution. From the viewpoint of A/" = 3 (or even less extended) supersymmetry, the 
AA = 4 supercurrent consists of two Af = 3 multiplets, one of which is the Af = 3 super¬ 
current and the other contains additional currents, like the /^-symmetry currents. Such 
Af ^ Af — 1 decompositions can be found in the introduction of [ 1 ]. As we explained in 
section 4 (see also subsection C.l), only one tensor structure in the three-point function of 
the A/" = 4 supercurrent contributes to the three-point function of the Af = 3 (and, hence, 
Af < 3) supercurrent. Thus, just like in general Af < 3 superconformal theories, the 
three-point correlator of the energy-momentum tensor in A/" = 4 superconformal theories 
is determined by a single tensor structure. As concerned the second tensor structure, in 
section 5 we pointed out that it is present in those A/" = 4 superconformal field theories 
which are not invariant under the mirror map (see also below). In the case of free A/" = 4 
hypermultiplet models, it is proportional to the difference between the number of left and 
right supermultiplets with respect to the /^-symmetry group SU(2 )l x SU( 2 )r. 

Another important result of the paper consists in the relations between the coefficients 
of the two- and three-point correlation functions of the supercurrent and flavour current 
multiplets in all 1 < Af < 4 superconformal theories. These relations are derived in 
section 7 and the analysis is based on two observations. First, if both the two- and 
three-point functions of either the supercurrent or the flavour current multiplets are fixed 
up to a single coefficient and are related to each other by the Ward identities, we can 
derive the universal ratio of the coefficients by simply considering any specific theory. 
Second, as already mentioned, any AA-extended supersymmetric theory is a special case 
of a {Af — l)-extended theory. In particular, any Af = 4 superconformal theory can be 
considered as a.n Af = 1, Af = 2 or Af = 3 superconformal theory. As a result, we can 
derive all universal relations between the coefficients of the two- and three-point functions 
by considering one relatively simple specific example, namely, the Af = 4 superconformal 
theory of free hypermultiplets. 

The hypermultiplet supercurrent (15.7j) is asymmetric with respect to the left and right 
hypermultiplets. More generally, given an Af = 4 superconformal theory that is invariant 
with respect to the mirror map, its supercurrent must change sign under the mirror map 
071. A simple illustrating example is provided by the model describing an equal number 
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of left and right hypermultiplets. The corresponding snpercnrrent 

J = - m' (8.1) 

is odd nnder the mirror map g* < — > g®. This property has its origin in A/" = 4 confor¬ 
mal snpergravity. To explain this important point, we have to recall three results from 
supergravity. Firstly, as shown in [33], the = 4 super-Cotton tensor X(z) changes its 
sign under the mirror map0 Secondly, the off-shell action S'csg for AA = 4 conformal 
snpergravity [50] proves to be invariant under the mirror map, and its variation can be 
represented as 

^-^CSG oc j d^^^zEdHX , E = Ber(EM^) • (8.2) 

Here d^^^zE is the integration measure of A/" = 4 curved superspace, and H{z) denotes 
the conformal snpergravity prepotential (see also [511 EZ])- Therefore, the prepotential 
H changes its sign under the mirror map. Thirdly, given a system of matter multiplets 
coupled to conformal snpergravity, an inhnitesimal disturbance of H changes the matter 
action ^matter as follows 

6S^,tter = j d^'^zESHJ , (8.3) 

where J{z) is the matter snpercnrrent. If S'matter is invariant with respect to 971, then J 
is indeed odd under the mirror map. 

As shown in subsection 14.21 the most general expression for the three-point function 
of the A/" = 4 snpercnrrent is 

{J{Z,)J{Z2)J{Z^)) = ^ . (8.4) 

The parameter must vanish, ^^^=4 = 0, in every theory invariant under the mirror 

map. The second term in 08.41) is odd under the mirror map due to the property 

971 : X^^pX^s • (8.5) 

^^The algebra of covariant derivatives for A/” = 4 conformal snpergravity is known to be invariant 
under the mirror map [33) . The super-Cotton tensor is obtained from the completely antisymmetric 
curvature tensor which is invariant under the mirror map, by the rule Since 

the Levi-Civita tensor changes its sign under the mirror map, eq. (IA.28I1 . the same is true of the 

super-Cotton tensor. 
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All other building blocks in fl8.4p are invariant under DJI. 

It would be interesting to extend the results of the present paper to the cases of 
superconformal theories with A/" > 4. The A/" > 4 supercurrent is described by a primary 
superheld of dimension 1 subject to the conservation law [36l [37] 

^ / = 1,..., aA. (8.6) 

3 

The construction of the correlation functions involving the supercurrent has its 

own complications due to a large number of the /^-symmetry indices. We postpone this 
problem for later study. 
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A Comments on off-shell hypermultiplets 


The superheld constraints flS.lap and fIS.lbp are on-shell. There exist off-shell models 
for left and right hypermultiplets such that their equations of motion are equivalent to 
the constraints flS.lap and fiS.lbp . Before discussing such off-shell hypermultiplets, some 
general comments are in order. Off-shell descriptions exists for many 3D A/" = 4 super- 
symmetric held theories such as general A/" = 4 nonlinear a-models [1] . However, it turns 
out that the conventional A/" = 4 Minkowski superspace is not suitable to realise 
the most interesting oh-shell couplings. An adequate superspace setting for them is an 
extension of by auxiliary bosonic dimensions parametrising a compact manifold, in 
the spirit of the superspace |53] x CP^ which is at the heart of the 4D M = 2 
harmonic [IS] jH] and projective 146] superspace approaches!^ All known oh-shell 

AA = 4 supersymmetric held theories in three dimensions can be realised in the following 
superspac^ [TI] [12] 


X CPl^ X CPl = X [SU(2)/U(1)]l x [SU(2)/U(1)] 


R ’ 


(A.l) 


^^The relationship between the 4D J\f = 2 harmonic and projective superspace formulations is spelled 
out in m- 

^^For every positive integer Af, the 3D W-extended superconformal group OSp(A/"|4; R) is a transfor¬ 
mation group of the so-called compactified Minkowski superspace in which is embedded 

as a dense open domain [4]. In the W = 4 case, OSp(4|4;]R) is also defined to act transitively on 
X CPjj X as shown in [4]. 
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which may be called harmonic or projective depending on the type of A/" = 4 off-shell 
multiplets one is interested in. All such multiplets are functions over either CP^ or CP^. 
For definiteness, let us consider left multiplets associated with CP^. Our presentation 
below is similar to m- 

Let ul = {P) € \ {0} be homogeneous coordinates for CP^, and vi} = (n*) := (vi) 

be their conjugates (in what follows, the subscripts ‘L’ and ‘R’ will always be omitted if 
no confusion may occur). Any superheld living in x CP^ may be identihed with a 
function (j){z, v, v) that only scales under arbitrary re-scalings of v: 

0 ( 2 :, cn, cn) = c"'+c""" 0(z, n, n) , c G C* = C \ {0} (A.2) 

for some parameters n± such that n_|_ — n_ is an integer. Since uR = hjU* 7 ^ 0, we can 
always choose n_ = 0 by redefining (j){z,v,v) 0 ( 2 ;, r;,h)/(nR)"'". Any superheld with 

the homogeneity property 

(j)P\z,cv,cv) = c^(j)P\z,v,v) , c e C* (A.3) 


is said to have weight n. Let us introduce fermionic operators 


= nhb .= y.ni 


(A.4) 


where Vi := SijvK In accordance with (12.621) . these operators strictly anticommute with 
each other, 

{SLS0 = O, (A.5) 

which allows us to introduce left isochiral multiplets (following the terminology of [52] ) 
constrained by 

^JP\z,v,v) = 0 . (A. 6 ) 

These constraints are consistent with the homogeneity condition flA.3p . 

Given an isochiral superheld (pP\z,v'^,Vj), its complex conjugate 

^P\z,Vi,v^) := (j)Pl{z,v\Vj) (A.7) 

is no longer isochiral. However, by analogy with the 4D M = 2 case [53lll3] one can dehne 
a modihed conjugation that maps every isochiral superheld (j)P\z,v,v) into an isochiral 
one ^P\z,v,v) of the same weight dehned as follows: 

—> ^P\vi,v^) —> {vi —>• —Vi,v^ —)■ =: ^P\v\vj) . (A. 8 ) 
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The weight-n isochiral superfield {z, v, v) is said to be the smile-conjugate of {z, v, v) 
One can check that 

}^"'\z,v,v) = (—(u, h) . (A.9) 

Therefore, if the weight n is even, real isochiral superfields can be defined, 

Within the 3D A/" = 4 projective superspace approach [1], off-shell multiplets are 
described in terms of weight-u isochiral superfields Q^'^\z,v), 

2 )J^qO) = 0 , QA) cv) = c^Q^’^\z,v) , ceC* , (A. 10) 


which are holomorphic over an open domain of CPf), 

= (ATI) 

OVi 

Such isochiral superfields are called left projective multiplets of weight n. The action 
principle in projective superspace involves a contour integral, and not an integral over 
CP^. This is why there is no need for projective multiplets to be smooth over CP^. This 
approach is useful to construct the most general A/" = 4 supersymmetric cx-models, both 
in Minkowski superspace |1] and in supergravity [33]. The structure of superconformal 
projective multiplets is well understood |1]. 

Somewhat different isochiral superfields are used in the framework of the 3D A/" = 4 
harmonic superspace approach mn The equivalence u* ~ cu*, which is intrinsic to 
CP^, allows one to switch to the description in terms of normalised isotwistors: 


u 


+i . 



U, 



{ui ,Ui^) e SU(2) . 


(A.12) 


The variables uf are called harmonics. They are defined modulo the equivalence relation 
uf ~ with a G M. It is clear that the harmonics parametrize the coset space 

SU(2)/U(1) = S‘^. Given an isochiral superfield u,T) we can associate with it the 

following superfield 





V V 



obeying the homogeneity condition 



(A.13) 




u 




(A.14) 
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This property tells us that has U(l) charge n. Thus the weight of (()^'^\z,v,v) 

is replaced with the U(l) charge of u^). It is obvious that we have the one-to-one 

correspondence n, n) <—y The fermionic operators flA.4p turn into 


Dt+ : = 


2)* = D®* 


and therefore the isochirality condition flA.hp takes the form 

= 0 . 


(A.15) 


(A.16) 


In harmonic superspace, every isochiral superheld (;s, is required to be a smooth 
charge-n function over SU( 2 ) or, equivalently, a smooth tensor held over the two-sphere 
S"^. Such a superheld is called left analytic. It can be represented, say for n > 0, by a 
convergent Fourier series 

00 

u^) = _ _ _ u^u- ... u- , (A.17) 

p=0 

in which the coefficients (y9®i...in+2p^^^ _ ^pi...in+2p)^^^ ordinary A/" = 4 superhelds 
obeying hrst-order diherential constraints that follow from flA.lbj) . The beauty of this 
approach is that the power of harmonic analysis can be used. 

We are now prepared to discuss oh-shell hypermultiplets. In harmonic superspace, the 
most suitable oh-shell description of a single hypermultiplet makes use of an analytic su¬ 
perheld q^{z, u^) = q^^\z.i u^) and its smile-conjugate ^"'■( 2 ;, u^). The free hypermultiplet 
equation of motion, which corresponds to the action fl6.44p . is 

5 ++qr+ = 0 q^{z.,u^) = q\z)ul , (A.18) 

where q^{z) obeys the constraint fIS.lal) . 

In projective superspace, the most suitable oh-shell description of a single hypermul¬ 
tiplet makes use of an arctic multiplet u) and its its smile-conjugate u). 

By dehnition, Td)( 2 ;, u) is a weight-1 projective multiplet which is holomorphic over the 
so-called north chart C of CP^ = C U {cxd}. Here the point 00 G CP^ is identihed with 
the “north pole” ~ (0,1). In the north chart, it is useful to introduce a complex 

{inhomogeneous) coordinate ( dehned by 

P = u'(l,C), C:=^, ^ = 1 , 2 . (A.19) 
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The arctic multiplet v) looks like 




(A.20) 


fc =0 


and its smile-conjugate antarctic multiplet is 


A:=0 


-1)^ 




(A.21) 


The dynamics of free polar hypermultiplet is described by the action 
1 


S = — (p Vidv^ I d^xD'^ 


0=0 


£(2) _ Yiliy-Cl) ^ 


(A.22) 


where we have defined 


£,(-4) _ ^£)(-2)b£,_(_-2) j^(-2) £,h _ ^a_23) 

48 “ (n,n) " ^ ^ 

The fourth-order operator in flA.22p involves a constant isotwistor Ui constrained 

by the only condition (v,u) := v^'Ui ^ 0 which must hold along the closed integration 
contour 7 . The action flA.22p proves to be independent of Wj. It can be shown that the 
equation of motion, which follows from the action flA.22p . is 


= n^(^To(2;) + Ti(z)c) = q\z)vi , 


(A.24) 


where q^{z) obeys the constraint fIS.lap . Thus, the hypermultiplet and the polar 
hypermultiplet provide two different off-shell realisations for the hypermultiplet. Both 
actions fl6.44p and flA.22p are superconformah 

There is a family of isochiral multiplets that are holomorphic over CP^, and therefore 
they are suitable for both the harmonic and projective superspace settings. These are the 
so-called 0{n) multiplets, where n = 1, 2,..., 


(z, v) = {z)vi, _ Q _ (a.25) 


Such a multiplet is (i) on-shell for n = 1 and describes a free hypermultiplet; and (ii) 
off-shell for n > 1. When n is even, one can define real multiplets with respect to the 
smile-conjugation. The flavour current multiplet is described by a real 0(2) multiplet 
L(2). It may be shown that real 0(2n) multiplets with n > 1 can be used to describe 
neutral hypermultiplets. However, the corresponding free hypermultiplet actions are not 
superconformah 
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The mirror map [121 EH] is defined as 


M: SU(2)l ^^ SU(2)r . (A.26) 

It changes the tensor types of snperfields as 0 0 Dr^^\ where 

denotes the spin-p/2 representation of SU(2). The mirror map interchanges the on-shell 
left g® and right g® hypermnltiplets, 

im ■ g® = gS fm ■ g^ = gV (A.27) 

It also interchanges the left and right flavour current multiplets. Since the latter 
multiplets are (anti) self-dual, eq. (14.dh . the mirror map must act on the Levi-Civita 
tensor as 

. (A.28) 


B Af = 4: hypermultiplet propagator 


The free equation of motion for q'^ hypermultiplet is = 0, where is dehned 

in fl6.41ap . By dehnition, the Green function of the free hypermultiplet C 2 ) obeys 

the equation 

®++G<+'+>(Ci, C 2 ) = -.57'’(Cl, C 2 ) , (B.l) 

where is the analytic delta fimetions. The solution to this equation is very 

similar to the four-dimensional g-hypermultiplet Green’s function [l3l [52] 


G'+'+'(Ci,C2) 


i(B+)‘‘(D+)* 


- x,)s>(e, - e,] 
(ututr 


(B.2) 


where 'Jq check that flB.2p obeys flB.lD one has to 

take into account that 3)^^ commutes with Dj® and hits only the harmonic distribution 
in flB.2p producing the harmonic delta-function (see [12] for a review of properties of 
harmonic distributions) 

a++7A+w = h9")®'5‘’’'"'(«..«2). (b.3) 

[Ui U2 j ^ 

This harmonic delta function is part of the analytic delta function 
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As a result we have 


?i++g>+’+>(Ci,C 2) = ig(r't)‘(»,")A“’(Ci.C2) = -4 "'‘’(Ci.C2) . (b.5) 


(B.6) 


Here we applied the identity 

{D+)\^—f4>A = -2n0A, 

which holds for arbitrary analytic superheld (j)A- 

We point out that the operator !/□ in flB.2p acts only on the bosonic delta-function 
—X 2 ) and gives the scalar held Green’s function G{xi,X 2 ) which we represent as the 
integral over the proper time s 

1 


□ 


(5 (xi - X 2 ) = -G{xi,X2) = -i / dsU{xi,X2\s) , 


where U{xi,X 2 \s) is the heat kernel of the three-dimensional d’Alembert operator 


U{xi,X2\s) = 


re 4s 


(B.7) 


(B.8) 


(47ris)3/2 

The integration over the proper time in flB.7p can be done explicitly, and the result has 
slightly different forms for the point inside and outside the lightcone 

^ ^ (a;i-a;2)^<0 

(xi - X2)^ > 0 . 


G(Xi,X2) = 


i 1 


(B.9) 


477 y'( xi-x2)2 

These two cases can be unihed in a single formula such that 


1 


- X 2 ) = 


□ ' " dvr ^ (xi - X2y 

is valid for [xi — 0:2)^ 7^ 0. Then, we rewrite flB.2p as 

1 - 62 ) 


(B.IO) 


G(+’+)(Ci,c2) = -^wr(2D+r 




(B.ll) 


It is important to realize that the supersymmetrized coordinate difference fl6.5ip at coin¬ 
cident Grassmann coordinates is simply 


Xi2W=e2 = - X 2 Y . 

Thus, in fIB.llD we can apply the identity 

5\e^-e2) _ 5\e^-e2) 

\/(ii -12)7 -/fi? 


(B.12) 


(B,13) 
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and use the analyticity of fl6.5ip in both superspace arguments to represent fIB.lip as 


follows 

G<+’+>(Ci,C2) 

Finally, we employ the identity 


i 1 
4vr 


(DtnDt) 




«M+)3 


(B.14) 


{DtnDtrs^e, - e,) = {ututy 


(B.15) 


to get the following hnal expression for the hypermultiplet Green’s function 

This representation of the hypermultiplet Green’s function was used in sect. 16.41 in studying 
Ward identities of W = 4 flavour current multiplets. Note that similar representation of 
the four-dimensional hypermultiplet propagator was found in [55] (see also [44]h 


C Superspace reduction of correlation functions 

The procedure of superspace reduction of supercurrent correlation functions is straight¬ 
forward, but quite tedious. It was applied in [1] to hnd the relations among three-point 
correlation functions of the M = 2 and M = 1 supercurrents. Here we will follow the 
same procedure to perform the A/' = 4—)-7\/' = 3—;-A/' = 2 reductions of the supercurrent 
correlators. 

C.l A/^ = 4— >Ar = 3 reduction of the correlation functions for 
the supercurrent 

The A/" = 4 supercurrent is described by the primary scalar superheld J of dimension 
1. When reduced to the Af = 3 superspace, it has two independent Af = 3 superheld 
components: a scalar S and a spinor Jq, [T] 

S = J\ , (G.la) 

Ja = , (C.lb) 

where the bar-projection means 6^^ = 0- The A/" = 4 supercurrent conservation condition 
fl4.15p turns to the following constraints for the Af = 3 superhelds S and Ja 

{D^^Di - -5^^D^^D^)S = 0 , 

3 

= 0 . 
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(G.2a) 

(G.2b) 













Here i,J,K = 1, 2, 3 are the indices of S0(3) group. 

The superheld Ja is the J\f = 3 supercurrent. In components, it contains the energy- 
momentum tensor, conserved currents of A/" = 3 supersymmetry and conserved currents 
of the S0(3) subgroup of the S0(4) /^-symmetry of = 4 theory. The M = 3 scalar 
contains among its components the current of the fourth supersymmetry and the currents 
of the remaining SO(4)/SO(3) i?-symmetry. Therefore, when we consider an A/" = 4 
super conformal theory in the J\f = 3 superspace, the conserved quantities are described 
by the following four types of three-point correlation functions 

{SSS) , {SSJo.) , {SJo^J^) , {Jo.W . (C.3) 

In this Appendix we derive these correlators from the three-point function of the A/" = 4 
supercurrent which was obtained in sect. 14.21 in the form 

{J{zi)J{z 2 )J{z 3 )) = - 03 ) , (C.4a) 

The distinguishing feature of this correlation function as compared to the ones in the 
A/" = 1, 2, 3 superconformal theories is that it has two completely different terms with two 
independent parameters dj ^=4 and As we will show further, the two terms in flC.4bp 

contribute to different correlators (1C.311 . 


C.1.1 Correlator (SSS) 


Since the superheld S is just the lowest component of J, see (IC.lap . its three-point cor¬ 
relator appears simply by switching off the Grassmann coordinate at each superspace 
point 

1 dj\f —4 


(^(Z1)^(Z2)^(;^3)) = (^(^l)^(^2)J(^3))| = 


Xi3^X23^ X 3 


(C.5) 


Note that the last term in flC.4bH vanishes in this reduction and only the hrst term with 
the coefficient dAr =4 survives. 


C.1.2 Correlator (JaSS) 

To compute this correlation function we have to hit flC.4l) by one spinor covariant 
derivative 

{.Uz,)S(z,)S{z^)) = iDf,,^{J{z,)J{z,)J{z^))\ = igy„ I 03)1 . (C.6) 

^ ^ ^ Xn^X23^ 
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Note that the spinor covariant derivative acts on the two-point function fl2.8a|) by the rule 


D 


( 1 ) 0*12 




= -2i5te 


lu 
a^l2 


(C.7) 


Hence, all terms in which the derivative D^i)a hits the bosonic two-point and three-point 
structures vanish under the bar-projection and only the last term in fIC.dbp contributes 


{Ja{z^)S{z2)S{z^)) 


idAt=4 


1 

*13^*23^ 


,4 

(1)« X 35 


id ^—4 


^13q;/3 

Xl3‘^X23^ 



gjJKL03^03^0^^03°^^3Mi^^3pg- 


4id_/y=4 


Xl3af3 ^3 ^3 03At03t^0^^/jh: 

Xi3^X23‘^ X 35 


(C.8) 


Here, in the second line, we applied the identity (I2.28ap . Note that, in contrast to (lC.5p . 
this correlation function depends on the coefficient dx=i rather than df^= 4 . 


C.1.3 Correlator {JaJpS) 


To compute this correlation function we have to hit fIC.dp by two spinor covariant 
derivatives 

= D%^fDl,^„{J(z,)J(z,)J(z,))\ = C(3)8-D(i)„ I ; g(W.e3)| , 

^13 ^23 

(C.9) 

As is seen from flC.Tp . when two covariant spinor derivatives hit the correlation function 
flC.4p . only the following two terms survive under the bar-projection 


{Ja{Zi)S{z2)J^{z3)) — A + B , 

1 


A = 


X 23 " 


I H(Xz,Qzi 


B = 


(A'3, 03 


®13"*23 

In the part A we easily compute the derivatives owing to (lC.7p 


n4 ^ 


= 2i 


. *13a/3 




Thus, for fIC.lObp we have 


A = 2i 


*13q!/3 df\j'=4^ 

X33^X23‘^ X 3 


(C.lOa) 

(C.lOb) 

(C.lOc) 

(C.ll) 

(C.12) 
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In the part B given by fIC.lOcP two derivatives hit the function H. For one of them 
we apply the identity fl2.28ap to represent it in the form 

I = ■ (C-13) 


The two terms in the right-hand side of flC.lSp give the following two contributions to the 
correlation function 


B 2 


Xl3a'^ 

Xi3^X23^ 

Xl3a^ 

Xi3^X23^ 


^(3)/3^(3)7' 


dj\f=4 


X 3 

(-^( 3 ) 7 '^ 13 )^( 3)7 


4 dj\f=4 


X, 


(C.14a) 

(C.14b) 


Here we have taken into account that the last term in flC.4bj) does not contribute to 

(mn). 

In the right-hand side of flC.14aP we use the explicit form fl2.29p of the derivative 
to represent this expression as 


Bi = idj^=4 


X 43 C 




= —idj^=4 


= —ldj^f=4 


^13q 


Xl3^X23^ 




X 


-1(5 


23 




X 73 


Xi3 


Q7 




-X3135 + H /35 


13 




Xl3 


2 ‘^'^^l30fi^l3^32^32uS 


x: 


7<5 


X7 


(C.15) 


Here, in the last line, we applied the identity 

^13a0 ~ *23a/3 ~ ~^30a + i^/3a~ J + 2ia?i3y3^0i3 ^32 *32i/a • (C.16) 

*^13 

In this identity, only the hrst term in the right-hand side is given by the three-point struc¬ 
ture while the other two terms are non-covariant in the sense that they are represented by 
the combination of two-point super conformal structures and cannot be expressed solely 
in terms of three-point ones. These non-covariant terms should cancel against the contri¬ 
butions form flC.14bp . Indeed, using the dehnition fl2.15p we compute the derivatives in 
flCTibl) 


B. = 


2dj^=4 
= d^f=4 


^13o 


.-1 




Xi 3"X43 
Xl3a"^013‘^ 


2®13/3p'^13'^3 


Xi3^X23^ 


-|- 2dj\f=4 


1 

^13q:7 

-13-23^ 


-1 


,X 


-1 


nipnit 

f/l q f/O' 


.X. 


7(5 


(C.17) 
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Thus, in the sum of flC.lSp and flC.17p only one term remains which we represent in the 
following form using fl2.25p 


Bi + i ?2 — idj\/-=^ 


^13a7 ^3/36^3 

Xi3^X23‘^ X 33 


7(5 


= idj^=A 


^13q:7 




i^3W' 

2 X 33 


(C.18) 


Finally, we put together the contributions flC.12p and flC.lSp and get the resulting 
expression for the correlation function flC.9p in the form 


{Ja{zi)S{z 2 )Jp{z 3 )) = ldM=A 




5} ix ;02 


(C.19a) 

(C.19b) 


(C.20) 


X ^2 X3 • 

One can verify that the tensor flC.19bD obeys the equations 

vIh^ = 0 , {V^^vi - = 0 , 

o 

which are the corollaries of flC.2p . 

It is interesting to note that the correlation function flC.19aP depends only on the 
parameter d_\f =4 similar to fIC.hp . 


C.1.4 Correlator {JaJpJ-y) 

To compute the correlation function with three J\f = 3 supercurrents we have to 
hit (1C.4P by three spinor covariant derivatives 

{Uzi)Jf3iz2)Mzs)) = -iDl,^,Dl,)^Dl,)^{Jiz3)Jiz2)J{zs))\ . (C.21) 

First of all, we point out that the first term in (IC.dbll does not contribute to (1C.21F 
Indeed, due to the identity (]C.7p . when three derivatives hit this term we always get the 
contribution which vanishes under the bar-projection 

1 

hl)a-( 2 )/ 3 -( 3)7 ^^32^232X3 


-id;^=4Di^^Dfo^aDf 


= 0 


(C.22) 


Hence, we need to consider only the second term in flC.4bF 

Taking into account flC.22p we represent flC.2ip as a sum of two contributions 

{Ja{zi) J 0 {z 2 ) J^{z 3 )) = A + B ^ (C.23a) 


A = 


Xl3^ 




X23^ 


X 23 


n4 r)4 
^{3)7^(l)a 


D?3)„i7(X3,03) 
1 


Xu 


Dl,^^H(X3,e3) 


B = 




^(3)7^(2)/5^(l)a^(^3, 63 ) 


(C.23b) 

(C.23c) 
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where H is the second term in flC.4b|) 

(C.24) 

(C.25) 


In the right-hand side of flC.23bp we apply the following relations 


p4 p4 

^(3)7^(2)/3^ 


= 2 i 


. ^23/37 


3^23" 


n4 n4 
^(3)7^(l)a^ 


= 2 i 


. ^1307 


®13" 


Next, using the identities (I2.28p we have 

D* ,„i/(As, 03)1 = -^®J,//(A3, 03)1 , 03)1 = ^V*^ H(X,, 63)! , 

^13 ^23 

(C.26) 


where the derivative of flC.24p reads 


A ~ xpf^x'y^efff>eieie§ 

V^PH{X, 0)1 = 4d^=4- ^ ^ ' 


(C.27) 


Substituting now flC.25p - flC.27p into flC.23bp we get the corresponding contribution to 
the correlation function 


. _ Xi3aQ'X23i3l3' ^a’j3’ 

®i3^a;23^ ^ ’ 

^{A) 1 - «“At=4-- • 

Using fl2.28p we get the following representation for the part flC.23cP 


_ *13aa'*23/3/3' ^a'/3' ^ 

a.43%23^ i^(B)7(^3,03), 


where 

'(S)7 


TT<x^ _ j _ nr\i _|_ _ 

^^dXp^dQi 


d d ^ ^ d d 

\ ii 'y ^ ^ ^ ^ A j 


'13 




d d 
^'^dX^p 904 


(C.28a) 

(C.28b) 

(C.29) 

H\ . 
(C.30) 


Compute now the derivatives of the function flC.24D which are necessary for flC.30H : 


‘'a 0 jaej ' 


'Y^^IJK 1 


(C.31) 


X, 


9 9 

'^"9X^^904 


+ X, 


9 9 


X, 


9 9 


'^"9X„^904 '^"9X„^904 


H\ 


^dj\f =4 


—x-i^x>“'e‘,eie^Eij^ 




4:CljYf=4 

X5 


X^"(X“^(5:? + X^^5“)0j0;;05£ 


-UK ■ 


(C.32) 
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Finally, we collect the results of computations flC.28bj) . flC.Sip and flC.32p in a single 
expression 

{Uz^)Jp{z 2 )Uz^)) = 03 ) , (C.33a) 

3^13 ^23 

^dj\f=A 




X5 


+ S°XPf^)X>^'^QiQWe 


p ^IJK 


+x^“x>“-elet‘s>T^iiK + 2X‘»‘X‘'^eleis^eij^. 


.(C.33b) 


This expression for coincides with fl7.4cp upon the replacement Xap —)• Xap- Al¬ 

though Xa/s and X^is differ in a ©-dependent term, see fl2.25p . one can check that these 
additional terms do not contribute to flC.33bp . To match the expressions fl7.4bp and flC.33p 
one has to make also the identihcation of their parameters fl7.5bp . 


C.1.5 Reduction of the two-point function 

The superspace reduction of the two-point function of A/" = 4 supercurrents fl4.17|) 
to the J\f = 3 superspace is much simpler than the same procedure for the three-point 
functions. Indeed, the correlator of the superheld S immediately follow from fl4.17p 

CM=4 


{S{Z^)S{Z2)) = {J{Z,)J{Z2))\ = 


* 12 " 


while for the correlation function of the J\f = 3 supercurrent Jq, we have 

,-Df ^ 


{Ja{Zi)Jp{z2)) — Df^2)l3Dl^i)a{J{Zi)J{z2)) \ — CM=iD\2)l3J-'{l)a 2 

3^12 


Applying the identity fIC.lip we hnd 


{Ja{Zi)J^{z2)) = 2iCAr=4 


^12 q;^ 

* 12 ^^ 


(C.34) 


(C.35) 


(C.36) 


Comparing this two-point function with f|7.4ap allows us to get the relation fl7.5ap among 
the coefficients c_a /=3 and Cjy= 4 . 


C.2 J\f = 3 ^ J\f = 2 reduction of the supercurrent correlation 
function 


Recall that the J\f = 3 supercurrent Ja contains the following two independent M = 2 
supermultiplets P: 

= 0 ; (C.37a) 

= J = l, 2 . (C.37b) 


Ra • Ja I ) 


JaP JJ{aJ 0 )\ 
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Here Jag is the M = 2 supercurrent, while contains the third supersymmetry current 
and two i?-symmetry currents corresponding to SO(3)/SO(2). In this appendix we con¬ 
sider all two- and three-point correlation functions of and which follow from the 
corresponding correlators of A/" = 3 supercurrent Jq. 


C.2.1 Two-point correlators 


Consider the two-point correlation function of the J\f = 3 supercurrent f|7.4ap . Obvi¬ 
ously, the two-point correlator of Ra superheld has the same form in the M = 2 superspace 


{R^,{z^)Rp{z2)) = {Ja{zi)Jp{z2))\ = iCAA=3^ , (C.38) 

where the bar-projection assumes 6 ^^ = 0. 

To hnd the two-point function oi M = 2 supercurrent we need to hit fl7.4al) by two 
spinor covariant derivatives 


{Jac.>{Zi)Jpp\z2)) = -Dl^^^Dy^p{Ja,\Zi)Jp\z2))\ = iCA^=3^f2)/3^fl)a 


(C.39) 


It is straightforward to compute these derivatives using the dehnition of the two-point 
structure fl2.8ap 

. (C.40) 

3^12 

Comparing this expression with fl7.10l] we hnd the relation among the coefficients cj ^=2 
and ca /'=3 given in fl7.13p . 


C.2.2 Three-point correlators involving Ra 

There are three correlation functions involving Ra'. 

{Ra{Zi)Rfi{z2)R.y{z3)) , {Ja5{Zl)Rf}iz2)Ry{z3)) , {Jas{Zl) Jfip{z2)Ry{z3)) . 

It is easy to see that 

{Ra{Zi)Rjs{z2)R.y{z3)) = {JaiZl)Jfsiz2)J.y{z3))\ =0 . (C.41) 

Indeed, the tensor Hap^ which dehnes the Af = 3 supercurrent correlator fl7.4c|) vanishes 
under the bar-projection owing to | = 0. Similarly, it is possible to show 

that 

{Ja5{Zl)Jpp{z2)R.y{z3)) = —D^.^^^gD^2)p{Ja{Zl)Jp{z2)J.y{z3))\ = 0 . (C.42) 
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Thus, we need to consider only {Jas[zi)Rp{z2)R-^{z^)) which is non-trivial 


{Jas{Zi)Rp{z2)R^{z^)) = Dl^^^{Ja{Zi)Jfi{z2)J^{z^))\ 

_ ^ ^13aa'^13M'^23/3/3' jja'P' i 

Xi^^X23'^ ^ 


(C.43) 


Here we have applied the identity fl2.28ap and the representation fl7.4bp for the J\f = 3 
supercurrent three-point function. It is easy to evaluate the derivative of the tensor 
fl7.4cp since under the bar projection only those terms survive in which acts on the 
generalized Grassmann variable 0^ but not on As a result, we get the following 

representation for the correlator flC.43p 


{J^s{z,)Rf3iz2)R,{z3)) = , 

1 


Xl3^X23^ 


(C.44a) 




X5 


+4^(<5X“)^X^^(00)^^ + 4X^(“X'^)'^(00) 


/U'y 


(C.44b) 


where we use the notation (00)^^!. = 0^0ye/j. 


C.2.3 Three-point correlator of the Af = 2 supercurrent 

Consider now the three-point function of the M = 2 supercurrent 

{Jaa'izi)jfil3'{z2)j-yy'{z3)) — — D(Zi) Jfji {Z 2 ) Jy {Z3))\ . (C.45) 

The Af = 3 supercurrent three-point correlation function is found in the form (IC.33I1 
involving the tensor 77“^^. For the following calculations it will be convenient to use the 
form of this tensor with the pair of spinor indices a/3 converted into a vector one m 

HT = = -iTe/(ee)” + i^x”x''e/(ee), 

-i|5<r'“''(7,)?e/(ee)p + i|j.Y'”.Y,£'''>(7,)!;e/(ee)p 

+i^-:""'"( 7 ,)!;.VA'>'e/(ee)p + i2_.Y,A'V"’''>(7,)!;e;(ee),, (c.46) 

where we employ the short-notation (00)^ for 

(ee)„ = -^( 7 ™)“'’e/e/£„. (c,47) 
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We substitute flC.33aP into flC.45p and represent it as a sum of two parts with specific 
distribution of covariant spinor derivatives on the factors 

03)1 = A + B . (C,48a) 

*^13 *^23 


^ XlZa'a" ( ^3 ^3 ® 23 / 3 '^" \ ^,3 zja"ff' 


®23/3'/3" ( r^3 n3 *13 q'q'' 


5 = 


3^23^ 

*13a'a"a^23^'/3" ^3 


^ n3 TTa"fS" I 

I ^{2)P^ 7 'I > 




n3 n3 n3 zja''P'' \ 
^{3)'r^{2)p-^{l)a-‘^ 7 'I • 


(C.48b) 

(C.48c) 


One can check that in flC.48aP the terms in which the covariant spinor derivatives are 
distributed in other ways vanish under the bar-projection. Now consider the computations 
of contribution flC.48bD and flC.48cD separately. 

In the part A given by flC.48bp we need the following relations 

2 i 


n3 n3 *13a'«" I 

r,3 r,3 *23/3'/?'' , _ 2i 

i’(3)7'D(2)a I - ^^3* 


{Xl3 ^13q:^ 7 “t“ ^13Q7^13Q^a^0 5 
{X23P0"X230'^ -|- X23p^X23p'p") , 


(C.49) 


which follow from the definition fl2.8ap . With the use of identities fl2.28p we have 

Dfi)„i7“'^'7X3,03)| = -^Pj)i/“'^'7^3,03)| , 


Xl3^ 


Df2)^i7“'^'7X3,03)| = ^V%H-'f^'^X3,e3)\ . 


a323 


2 ^(3)" 


Taking into account flC.49D and fIC.SOj) we represent the part A in the form 


A _ Xi3apXi3a'p'X23paX23p>a' jj^pp' aa' /^ \ 

^ fi- ^(A) 77T-^3, ^31 , 


Xl3^X23^ 


(C.50) 


(C.51) 


where 


^{A)""^ 7 ' = HP^\,)\ . (C.52) 


In the expression flC.48cP we use the identities fl2.28p to represent it in the form 


'’’(W, 03)1 = ia:r34«=:X-D(3)4«?3"<Q'‘'’'P'''’ff"'’'7A's, 0s)| 

= + ugSjBj + n^filTp, 

+'<alVl + «iS^C3B"''’'7A3. 03)1 . (C.53) 
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Consider various terms in this expression separately. 


For the hrst term in the square brackets in flC.53D we use explicit forms of generalised 
spinor covariant derivative and the supercharge fl2.29p to rewrite it as 


= [(^hs )^ - {X2zYi\ 


d d 

503p 


+ 


d d 

503p 


d d \ 
dXP^ 503p J 


. (C.54) 


Here we used the fact that in the bar-projection only those terms survive in which the 
derivative acts on and produces the factor [(aJh 3^)'^7 “ pointed 

out in [T], this factor cannot be expressed solely in terms of and ©g^, but it involves 
the two-point structures as well 


(®13^)o/3 (®23^)o/ 3 ~ ^3a/3 + i ^^2{'^^, 2 )^P ■ 

X 23 


(C.55) 


The last two terms here are non-covariant in the sense that they are expressed in terms of 
two-point super conformal invariants rather than the three-point ones. Then, taking into 
account fIC.SSp we rewrite flC.54p as 



g3p3^a'/3'7 


P /_^ _ 9 _ d _ 

^ ^ \dX^p dQ^p dX^p dQ^p dXP^ dQ^p J 

-|-non-covariant terms, (C.56) 


where the ‘non-covariant terms’ are those which correspond to the last two terms in flC.55F 
Here we do not write down these terms explicitly as they cancel against the contributions 
coming from the remaining terms in the square brackets in fIC.SSp 0 


" non-covariant terms. 


(C.57) 


Thus, when we take the sum of flC.56p and flC.57H these ‘non-covariant terms’ cancel and 
we get the contribution to the M = 2 supercurrent correlation functions in the form 


B 


®13®®23® 


TTpp' o-cr' 


77' 


(^3,03) , 


(C.58) 


^'*^This cancellation has been explicitly demonstrated in Appendix C.l of [T] for the case of superspace 
reduction of the Af = 2 supercurrent correlation function down to Af = 1. In the present case the 
cancellation of the non-covariant terms can be checked in the same way. 
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where 


/f(%'^%y(X,0) = i(20 




d d 


d d 


X„ 


d d 


j-20^ _V,._ 

7 ^01 ^03 ^ 7 ^02 ^03 M7 qq3 


p (j ^ ^ p ^ ^ a 

^ d d ^ ^ d d 

y/'V __ ^ ^ ~r , 






^^dXppdei ^^dXp^dQi 

Summarizing flC.Sip and fIC.SSp we find the M = 2 supercurrent three-point correlation 
function 

J,y(^ 3 )> = 03), (C. 60 ) 

®13 *23 

where the tensor is expressed in terms of derivatives of the tensor in the 

Af = 3 theory given by fl0.3<3bll 


rrpp'o-cr' _ Tjpp'aa' . jjpp' ctct' , j^pp'era' . japp'aa' 

n ^y -|- 77' "t" ^ {B 2 ) 77' “I" ^ {B 3 ) 77' ’ 


H: 


d 


.r d 


{A) 77 ' - 2 i ( ^Q3 hf'’ y + ^Q3 




7 i I ’ 


^(Bo" 7V = 2i ( 0^77^7^ + ] i/"'"' 


^901903 ' ^^902^07' “ ^ ’ 


(C.eia) 

(c.eib) 

(c.eic) 

(c.eid) 

(C.61e) 

'-per p 

As a result, the problem is reduced to computing the derivatives of the tensor flC.33bp . 
Let us convert the spinor indices of into the vector ones 


H: 


(B 2 ) 77 ' 


' = -i X, 




^^dX^pdQl ^^dXppdQl 

JLTPP o-a — \ Y ^ ^ Tjp''^' 

(^ 3 ) 77' 




^mnk ^ _ rn HPP- 


8 


77 • 


(C.62) 


It is known that the tensor which defines the three-point correlation function of 

Af = 2 supercurrent can be represented in the form pQ 

ffmnk ^ ^QQ^^^mnp,k ^ ^0_g3^ 

where (00)p is given in flOiTll and is symmetric and traceless in the indices mnp, 

(jmnp,k ^ (j{mnp),k ^ ^^^^mnp,k ^ g _ 
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Hence, the tensor has the following symmetry property 

llpp'o-a' _ Tjipp'cra') 

J. A - AA • 


(C.65) 


As a conseqnence, the relation flC.621) can equivalently be rewritten as 

TTnink _ m n ( k\'r'r'Trpp'< t<t' 

g /per Ip'a'K I J 77 ’ 

and it appears to be more convenient to use the tensor flC.46p for further computations. 


(C.66) 


Indeed, the expression flC.blbp can be rewritten as a derivative of flC.46D 


= q77'‘(ee),, 


^^np,k ^ _24 


( ^ mp _ ^ rf‘^X‘^X‘p\ 

\X^I I x^' J 


24 24 

- — {X"^X^r]^P + X’^XPr]^^) + —+ 7]^^X^XP) . (C.67) 


In contrast to flC.64p . the tensor is not symmetric and traceless in the indices mnp. 

However, when all contributions fIC.blj) are taken into account, the resulting tensor 
should obey the symmetry (lC.64p . Hence, it is sufficient for the following to consider only 
symmetric in indices mnp part of (10.67^ 

O 

i{mnp),k _ _ ^^nk^mp _|_ ^rak^np _|_ ^kp^mn^ 


c, 


(A) 


X3' 

+ ^(p^’^X"^XP + p^^X^XP + p’^PX^X^) 
-^{X^X"^p^^ + X^X^p^P + X^XPp^^) . 


(C.68) 


In the same way using the tensor flC.46j) we compute the expression flC.61cp - flC.61dp . 

d d d d 

'p ^ p 


hTbS = y7(7'=)-'-''(e;g|, (ee),, (c,69a) 


^mnp,k _ mn fep , yn kp 

^ PI 

12 12 

- — {X^X'^p'^P + X^X^p^P) + —{p’^^^X^XP + p^'^X^XP) , (C.69b) 


Tjmnk 

^{B 2 ) 


^mnp^k 

^(B2) 


d d 




dXs^^dQl ^ 


42 78 8(1 

nfc V'fn -y-p _ yn yp _ __Xp ym yn 

J^5 ^ ^ y-5 Ij y\ y\ Ij y\ y\ 

mnxkxP + l^X^X’^p^P + ^X^X'^p^P , 
X^ X^ X^ 


(C.70a) 


(C.70b) 
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«(b”) = • 


(C.71a) 


IV IV A.9^ 

^mnp,k _ ^rnk^np , ^nk ym yp , mk ^11 yp 

^(Bs) - ^ A A + —7] A A 


X3^ ^ + X5'' 

IQ Q n 

— {r]"^PX^X^ + T]^^X^XP) - —r]^PX'^X^ + —X^X^X^X^ , (C.71b) 


X'^'' ' X7 

We need only symmetric parts in the indices mnp of the tensors flC.69bj) . flC.70bp and 

(ICTTB 

(j(^np)k ^ _^^^mn^kp ^ ^kn^mp ^ ^km^np^ 


X3 

20 


VI I 

+ — {p^PX^X^ + p^^X^XP + 7]^^X"^XP) 


X5 

-^{X’^X^p^P + X^X^p^P + X’^XPp^^) 

c(^np)k ^ ^ ^kn^mp ^ ^kp^mn^ 

e;n 

- — {p^'^X'^XP + r]^^X^XP + p^PX^XP) 
20 

+ — {X^XPi^^ + X^X^p^P + X’^X^rf^P) 


(C.72a) 


(C.72b) 


^{mnp)k 


^j^km^np _|_ ^kn^mp _|_ ^kp^mn^ 

20 

+ — {p^^X"^XP + p^^X^XP + p^PX^XP) 


X3 

20 

^5 

14 


+ X^X'^p'^P + X^X'^p^P) + ^X""X’^X^XP .(C.72c) 
The snm of flC.67p and flC.721) is 

Qmnp,k _ Q{mnp)k Q{mnp)k _|_ Q{mnp)k Q{mnp)k 


= -Qdj^=3 

5 


X3 


(^j^km^np _|_ ^kn^mp _|_ ^kp^r 


X5 

5 


{r]’^PX^X^ + p^^X^XP) 


-^{jfPX’^X'^ + p’^^X^XP + r]^^X^XP) 


X5 

3 


5 


{X^X^rfP + X^X^r]^P + X’^XP'q^^) - -^X^X^X^XP 

JC ^ 


. (C.73) 


Snbstitnting this tensor back into flC.63p we hnd the J\f = 2 snpercurrent correlation 
function in the form fl7.11l) where the parameter dj\f =2 is related to d^f =3 as 


d^f=2 — —Qdj\j-=3 . 


(C.74) 
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